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Abstract. We define the Hopf algebra structure on the Grothendieck group of finite- 
dimensional polynomial representations of UqQlf^ in the limit A*' — > oo. The resulting 
Hopf algebra Rep UqQl^ is a tensor product of its Hopf subalgebras Rep^UqQl^, 
a £ /q^^. When q is generic (resp., q^ is a primitive root of unity of order I), we 
construct an isomorphism between the Hopf algebra Rep^ UqQl^ and the algebra of 
regular functions on the prounipotent proalgebraic group SL^ (resp., GLi ). When 
g is a root of unity, this isomorphism identifies the Hopf subalgebra of Rep^ UqQl^ 
spanned by the modules obtained by puUback with respect to the Frobenius homo- 
morphism with the algebra generated by the coefficients of the determinant of an 
element of GL; considered as an / x / matrix over the Taylor series. This gives us an 
explicit formula for the Frobenius puUbacks of the fundamental representations. In 
addition, we construct a natural action of the Hall algebra associated to the infinite 
linear quiver (resp., the cyclic quiver with I vertices) on Rep^ Uqgl^ and describe 
the span of tensor products of evaluation representations taken at fixed points as a 
module over this Hall algebra. 
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1.1. Background. Let Rep GLjv be the Grothendieck group of finite-dimensional 
polynomial representations of the group GLj\f{C) (i.e., those that arise in tensor powers 
of the defining A^-dimensional representation V^^ ) . Then Rep GL is isomorphic to the 
algebra of polynomials over Z in commuting variables U, where ti is the class of /\* 
(i = 1,... ,A^). We have a natural injection of algebras Rep GL^ — > Rep GL^v+i 
sending ti to ti (i = 1, . . . , A^). Let us set Rep GLoo = lim Rep GLjy. Then Rep GL^o 

carries the structure of a Hopf algebra. The multiplication comes from the operation 
of tensor product on representations of GL^r, while the comultiplication is defined as 
follows. Given a splitting N = Ni + N2, we have a natural group homomorphism 
GL X GLjy^ GLjy , and therefore a map Rep GLjy Rep GL^^ ® Rep GL ■ 
One can show that for large N, Ni and these maps stabilize and give rise to a 
well-defined homomorphism A : Rep GL^o Rep GLqq (g) Rep GL^o ; this gives us the 
comultiplication structure. 

A well-known incarnation of the Hopf algebra Rep GL^o is the algebra Aoo of sym- 
metric polynomials in infinitely many variables, in which the basis of irreducible rep- 
resentations corresponds to the basis of Schur polynomials. The connection with sym- 
metric functions is due to the existence of the character homomorphism Rep GL]\f 

. . . , xn]^'^ . The Hopf algebra structure on Aqo may be easily described in terms 
of the operations of multiplication and restriction of functions. The fact that these 
operations make Aqo a Hopf algebra is very useful in the theory of symmetric functions 
(see lMac|] ). 

Let q he a nonzero complex number. The goal of the present paper is to study 
a "g-analogue" of the Hopf algebra Rep GL^o which, in fact, depends only on the 
multiplicative order of g G C ^ . It is obtained by replacing the groups GLjv with the 
quantized universal enveloping algebras Uqgij^, where qI^ is the affine Lie algebra of 
£|l^. As in the case of GLn, the Grothendieck ring of UgQi^^ may be identified with 
the ring of polynomials over Z in commuting variables corresponding to the evaluation 
representations Vu,^{b), where i = 1, . . . , N and 6 € . This algebra decomposes into 
a tensor product of its subalgebras Rep„ f/gfll^v, a € C^, generated by K)i(6), where 
b € aq^^. The representations corresponding to different factors do not interact, so 
without loss of generality we may concentrate on Rep^ UgQij^, which is the ring of 
polynomials in commuting variables = Kjj(a(?^"), where i = 1, . . . ,N and n € Z. 
We have natural injections Rep^ UqQlj^ Rep„ UqQlj\f_^_i, and so we define Rep^ UqQl^ 
as lim Rep^ UqQlj^. 

Then Rep^j UqQl^ is naturally a Hopf algebra, with the operations of multiplication 
and comultiplication defined in a similar way to the case of GL^o- This Hopf algebra 
and its versions when q is specialized to be a root of unity are the central objects of 
this paper. 

The ring Rep^ UqQij^ comes equipped with an injective g-character homomorphism 
Rep^UqQl^ Z[Ai_„q2n]g defined as in [f^ , [^MH (see also iFMp . This 
homomorphism plays the role of the ordinary character homomorphism from Rep GL 
to the ring of symmetric polynomials. Thus, Repg^UqQi^ may be thought of as a 
"g-analogue" of the Hopf algebra A^o of symmetric polynomials in infinitely many 
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variables. In fact, since Rep GLqo may be identified with Rep gloo, which in turn 
coincides with Rep^C/gloo, the Hopf algebra Aqo appears in the special case g = 1 of 
Repa C/ggtoo- We expect that many of the well-known structures on the ring of infinite 
symmetric polynomials have interesting g-analogues in Hep^^UgQl^. In this paper we 
make the first steps towards understanding these structures. 

Our interest in the structure of Rep^ t^gS^iv comes in particular from the fact that 
Rep„ UqQlj^ C may be thought of as a classical limit of the two-parameter deformed 



W-algebra y^q^tid^N) defined in |FF, AKOS| (for more on this interpretation, see [FRl 



FR2| ) . In that sense, Kep^UqQl^ (X) C is a special case of the deformed W-algebra 
Wg^j(gloo). Much of the structure on Rep^UqQl^ that we discuss in this paper may 
be generalized to the deformed W-algebras. Similar structures also exist for quantum 
affine algebras of classical types. We plan to discuss these topics elsewhere. 

1.2. Quantum afRne algebras and afRne Hecke algebras. The ring of symmetric 
polynomials Aqo also has another realization, as the direct sum ©„>oRep 5„, where 
Rep Sn is the Grothendieck group of the symmetric group on n letters. The two realiza- 
tions are equivalent via the Schur duality functor. From this point of view, a g-analogue 
of Aoo may be constructed by taking ©„>oRep Hq2 n, where Hq2 n is the affine Hecke 
algebra of GL„. The Hopf algebra structure on the latter has been introduced by J. 
Bernstein and A. Zelevinsky [ [B^ and recently described explicitly by I. Grojnowski 
|Gi). This description is also implicit in the earlier work by S. Ariki |A| (for related 
works, see [LNT| and references therein). 

When q is not a root of unity, the Hopf algebras Rep UqQl^ and ©n>o Rep Hq2 n are 
isomorphic via the affine g-Schur duality functor introduced by M. Jimbo and stud- 
ied by V. Chari-A. Pressley [|CP4[| , and V. Ginzburg-N. Reshetikhin-E. Vasserot [|GRVf| . 
Using this functor, most of our results for generic q on the structure of Rep UqQl^ may 
be derived from those of 0, Gr, [LNT ]. 

However, when q becomes a root of unity e, the Hopf algebra (Bn>o Rep -ff^a „ is differ- 
ent from Rep U^'^^gl^, where U^^^qIj^ is the restricted specialization of t/gflfjv at q = e. 
This can be seen, for example, from the fact that irreducible representations of affine 
Hecke algebras at roots of unity are parameterized only by those multisegments (in 
the language of p^ ) which are aperiodic. In fact, the restricted specialization C/J'^^gt^ 
contains a subalgebra C/f'^gt^, which we call the small quantum affine algebra. The 
direct limit of Grothendieck groups Rep Uf^Ql^ may be identified with the quotient of 
Rep U^'^gi^ by the ideal generated by the pullbacks of the Frobenius homomorphism, 
and carries a natural Hopf algebra structure. It is this quotient that is isomorphic to 

©„>oRep i?e2,n- 

In this paper we do not use affine Hecke algebras. One of the advantages of the 
Hopf algebra RepUqQl^ over ©„>oRep Hq2n is in the existence of the g-character 
homomorphism. This homomorphism makes the interpretation of Rep UqQlj^ as an 
analogue of the Hopf algebra of symmetric polynomials especially transparent. 

1.3. Main results. Our first result is an identification of each of the three Hopf alge- 
bras: Repa C/^gloo) Repa U^'^^gl^, and Rep^ C/f°gloo with well-known Hopf algebras. 
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Let SL^ be the group of all matrices M = {Mij)ij^z with integer entries, such that 

Mi^i = 1 for all i, and Mij = for all i < j- It contains the subgroup GLi of those 

matrices which satisfy: Mi^ij-^i = Mij. Finally, GLi contains a normal subgroup 

SLi defined by the equations Oj = (i > 0), where Oj is the ith coefficient of the 

determinant of a matrix from GLi considered as a subgroup of the formal loop group 
of GLi (see Section 10.7). Thus, we have a sequence of embeddings 



SL, 



GL, 



(1.1) 

All three groups are groups of Z-points of prounipotent proalgebraic groups over Z, 

which we we will denote by the same symbols by abuse of notation. The ring Z[S'Loq] of 

regular functions on SL^ is just the ring of polynomials in the variables Mij,i > j. The 

ring Z[GL; ] is its quotient by the relations Mi^ij^i = Mij, and Z[5'L; ] is the quotient 

of Z[GL; ] by the relations a, = (i > 0). Each of these rings has a natural structure 
of Hopf algebra. In addition, the polynomial algebra Z[aj]j>o is a Hopf subalgebra of 

Z[GL^ ], which we denote by Z[2.j~]. 

Theorem. Let e be a nonzero complex number, such that has order I. Then we have 
the following commutative diagram of Hopf algebras 



Z[SLl 



Z[SLi 



Rep.t/rgle 



Rep„[/^0[. 



where the left vertical maps are induced by the embeddings (1.1), the upper right vertical 
map is induced by specialization of representations to q = e, and the lower right vertical 
map is the quotient ofRep^UgQi^ by the augmentation ideal of the subalgebra spanned 
by the Frobenius pullbacks. Moreover, the subalgebra spanned by the Frobenius pullbacks 

is identified with Z[Z.^^] C Z[GL; ]. 



The top two isomorphisms in the above diagram are given by the formula Mij i— > 

ti-jj, where Mjj is the function whose value on a matrix M in SL^ (resp., GLi ) is 
equal to the (i, j) entry of M, and tij is the class of evaluation module Vaj-{aq'^''^). We 
also obtain that the Frobenius pullback of the ith. fundamental representation is equal 
to the polynomial Oj of the fundamental representations tk^m- 

The complexifications of the algebras of functions appearing in the left column of the 

above diagram carry natural actions of the Lie algebras s(^,gl; , and si; , respectively. 
The corresponding actions on the complexified Grothendieck groups appearing in the 
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right column of the above diagram may be described quite exphcitly in representation 
theoretic terms. 

At the level of integral forms we obtain an action of the Hall algebras !Koo and 
(associated to the infinite linear quiver and the cyclic quiver with / vertices), and the 

integral form Uzsli of f7s[^ , respectively. In fact, we prove that Kep^UgQl^ (resp., 
Repjj U^'^^gl^) and J^oo (resp., "Ki) are restricted dual Hopf algebras. 

This duality, at the level of vector spaces after complexification, has been obtained 
earlier by M. Varagnolo and E. Vasserot | |VV| by a different method. More precisely, 
they have identified Rep^ C^gS^co ® C (resp., Rep^ Up^gl^^ C) with the restricted dual 
of !Koo "X) C (resp., "Ki ® C) by declaring the basis of standard modules in the former 
to be dual to the PBW basis in the latter. Then, using the equivalence between the 
geometric descriptions of representations of quantum affine algebras |GV| , ^ and the 



corresponding Hall algebras |L2|, they showed that the basis of irreducible modules in 



the former is dual to the canonical basis in the latter. 



In contrast to [ VV|, we obtain all of our results by algebraic methods. In fact, most of 
our proofs are rather elementary. The main technical tool is the theory of ^-characters. 
We hope that our methods may be extended so as to enable us to identify the basis of 
irreducible modules with the dual canonical basis in a purely algebraic way. 

1.4. Contents. The paper is organized as follows. 

In Section |2| we start with the definition of different realizations of quantized envelop- 
ing algebras when q is not a root of unity. In Section ^ we describe the isomorphisms 
between these realizations. We try to fill the gaps in the literature by collecting all 
relevant results (some unpublished) with compatible normalizations. The main result 
of this section is Theorem \i.lO . 



In Section ^ we discuss the polynomial representations of UqQlj^ and introduce our 
main technical tool, the g-characters. In this section (and in Sections ^, |8|, ^) we extend 
to the case of f/gfll^ some result that so far have only been established for UqSlN- 

In Section ^ we define the inductive limit Rep UqQl^ and a Hopf algebra structure 
on it. The main results of this section are Corollary |5.6| and Theorem ^.11 . In Section 



6| w e study the Hopf algebra Rep UqQi^. The main results are stated in Theorems 6J- 
6.5 and Proposition |6.1C . 



In Section ^ we describe the quantum groups at roots of unity. In Section ^ we 
describe the polynomial representations of UI^^qIj^i and the corresponding e-characters. 
Sections ^ and ^ are the root of unity versions of Sections Q and ^. 

In Section ^ we study the Probenius homomorphism and the modules obtained by 
the pullback with respect to the Probenius homomorphism. 

In Section ^ we present a self-contained analysis of the Hall algebras associated 
to the infinite linear quiver and the cyclic quivers when the deformation parameter is 

equal to 1. We also define the algebras of functions on the groups GLi , SLi and , 
and various decompositions and dualities. 



In Section 11 we define and study the Hopf algebra Rep U^^^gl^. This section is the 



root of unity version of Sectio ns ^ and |^. The main results are given by Lemma 11.1 



Theorems 11.2, 11.3, 11.5 and U.t, and Propositions 11.13 and 11.14 



6 



EDWARD FRENKEL AND EVGENY MUKHIN 



Finally we give a summary of the general picture in Section 12, see Theorem 12.1 
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tions of quantum affine algebras and p-adic groups in non-defining characteristic. 

This research was supported in part by E. Frenkel's fellowship from the Packard 
Foundation and NSF grant DMS-0070874. 

2. Quantum algebras for generic q 

In this section we collect information about different realizations of the quantized 
enveloping algebras UqSiN, UgQl^^, UqSlN, UqQlj^ and relations among them. Though 
most of this material is known to experts, the results in the literature are not complete, 
scattered in many places and have different normalizations. 

In this paper we deal exclusively with finite-dimensional representations of quantum 
affine algebras, all of which have level zero. The central element of the quantum affine 
algebra acts as the identity on any such representation. To simplify our formulas, 
we will impose the additional relation that this central element is equal to 1 (in all 
realizations). 

In Sections ^, |5|, we consider quantized enveloping algebras over the field of 
complex numbers, and g is a nonzero complex number which is not a root of unity. 
These algebras may instead be considered over the field of rational functions C(g). 
This point of view is adopted in the remaining sections of the paper. 

2.1. The algebra UqSlN- In this section we recall two realizations of UqSlisf. 

Let C = (Cjj)jj=i,...,Ar-i be the Cartan matrix and {ai}j=i,...,Ar-i the set of simple 
roots of bIat. Let C = (Cij)ij=o,...,Ar-i be the Cartan matrix and {aj}i=o,...,Ar-i the set 
of simple roots of sIat. Set 



q'^-q- 



n\q = - [n\q\ = \U„Vl\r,...\n 



[1]J2],... 



IS 



The quantized enveloping algebra of sItv in the Drinf eld- Jimbo realization [Drl 
an associative algebra, denoted by [/^"'sIat, with gener SiioTsXf,Kf^ (z = 0, ...,iV-l), 
and relations: 



K^Ki . . . Kn-i = 1, KiKj = KjKi, 

K,XfK7^ = q^^^^Xf, [X+,Xr] = S, 



Ki - 

XiXj=X^X, mod A), 

[Af,[A±,A±],-i], = (|i-j| = l mod A, A > 2), 

[Af,[Af,[Af,A±],-2]],2 =0 {\i-i\ = l mod A, A = 2). 
Here we used the following notation for commutators: 

[A,B]a = AB-aBA, [A,B] = [A.B]^. 
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Note that the first relation identifies the central element of UqSiN with 1. 

Denote the subalgebra of UqSlN generated by Kf^^,X^ (respectively, K^^,X~), 
i = 0,...,N -I, hyJJgb+ (resp., Ugb.). 

The algebra U^'^sIn has the structure of a Hopf algebra. The comultiplication A on 
the generators is given by the formulas 

(2.1) A{X+) = X+ (^l + Ki®X+, 

A(Xr) = X-^i^-i + l®X-. 



Now consider the Drinfeld "new" realization of quantized enveloping algebra of 5 (at. 
This is the algebra, denoted by Ug^^5lj\f, with generators xf^, kf^ [i = 1, . . . ,N — 1, 
n E Z), n {i (z 1, . . . , N — 1, n £ Z\0) and the following relations: 

r -I- — 1 (- ^i,n+m ^i,n+m 

Here (p^Js are determined by the formula 



$±(n) := J2 ^t±n^^'' = exp ±{q - q-') J2 K±r, 



71=0 \ m=l 

Here we again set the central element equal to 1. 
I^^sIn and C/^" 



The algebras U^^In and C/„^^™s(Ar are isomorphic, under the isomorphism B 



U^'^'^sIn UfhlN described in Section |3]|. We will therefore use a single notation 
UqSlN for both of them. 

Lusztig has introduced in 0, §37.1.3 four families of algebra automorphisms of 
UqSlisi, for which we will use the notation T) - , where j = 1,2, i = 0, 1, . . . , A'' — 1 
(in Q they were denoted by T/g and Tl'^,e = ±1). For N > 2 they are given in the 
Drinfeld-Jimbo realization by the formulas 



SS±'^)(X+) = -Kf'Xr, T>\^''\xr) = -XtKf\ 
(2.2) ''^(X;) = XjXt - q^'X+Xj (j = i - l,i + 1), 

■^)(Xr) = X7XT - q^'Xrxr (j = i-i,i + i), 

SS±'^)(X+) = X+, a3p'')(X+) = X+ (i / j,j + 1) 
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and 



(2.3) = X+Xf - q^^X+X+ {j=i-l,i + 1), 

= XjXr - q^'XrXj- (j = ^-l,^ + 1), 

= X+, =Xl (z^ jj + 1), 

where we consider indices modulo A^. The automorphisms are called the braid 

group automorphisms. 

Also let D be the automorphism of UqSl^ defined by 

(2.4) nxt) = Xt,,, 'D{Kf') = Kf^\ (i = 0,...,iV-l), 

where we again consider indices modulo N. 

The algebra UgSi^ is the Hopf subalgebra of U^'^sIn generated by Kf^, X^ {i = 

1,...,N -1). The algebra UqSlN is preserved by sj^'^'^ (j = 1, 2, i = 1, . . . , - 1). 

2.2. Universal i?— matrix. Let (•, •) be the restriction of the invariant bilinear form 
on sIn to the Cartan subalgebra, normalized so that the square of any root is equal to 
2. Denote by P the weight lattice of sIn. Then (•, •) induces a pairing P x P —>■ -^Z. 

A vector ti; in a f/^s [at -module W is called a vector of weight \ £ P, ii Ki ■ w = 
q^^'^i)w, i = 1, . . . — 1. A representation W of UqSlN is said to be of type 1 if it is the 
direct sum of its weight spaces W = ®\W\, where Wx = S W\Ki ■ w = q^^'^^^w}. 

A representation V of UqSiN is called of type 1 if y is of type 1 as a representation 
of UqSiM- Every finite-dimensional irreducible representation of Uq5lN can be obtained 
from a type 1 representation by twisting with an automorphism of UqSiN- In this paper 
we consider only finite-dimensional type 1 representations. 

Fix an A^th root of q. Given a pair V,W of C/gSl7v~modules of type 1, define an 

operator q^'^^ on FC^M^, which acts by multiplication by q^^'f^") £ q'N'^ on the subspace 
V\ ® Wfj_. Informally, one can think that Ki = q^^ and H ^ H is the canonical element 
of the bilinear form on the Cartan subalgebra of sl^. 

If V is an f/gSlAr-module of type 1, and vr : UqSljy EndF is the corresponding 
action map, then (7r®Id)(g^®^) and (Id C!S>TT){q^®^) are well-defined elements of UqSlN 
extended by K^^^'^ and q^^^ . 

The algebra l/qSi^ is a quasitriangular Hopf algebra. More precisely, a completed 
tensor product 

Uqb+ i Uqb^ C UqSlN § Uq5lN 

contains a unique invertible element 01, such that 3? = 'Jlq~^^^ satisfies the following 
identities: 

A°PP = JlAJl-^, (A id)Jl = Jl^^Jl^^, (id ^A)Ol = Ji^'^^Jl^^, 

These identities imply that Jl satisfies the Yang-Baxter relation. The element 3? is 
called the universal i?-matrix of UqSlN. See |Da, EFK| and Section ^ below for more 
details. 
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2.3. The algebra UqQlj^. In this section we give two reahzations of the quantized 
enveloping algebra of 

The first realization is obtained by modifying the definition of Ug^^sljsf. Namely, we 
define the algebra Ug^glj'^ with generators xf^ {i = 1, . . . , N — 1, n € Z), tf^, gi^n 
{i = 1, . . . , N , n £ Z\0) satisfying the following relations: 

titj tjti, tigjfi 9j,ntii 9i,n9j,m 9j,m9i,m 
f-r^ +-1 — /,±(<5i,i-<5i-ij)7.='= 
[9i,n,xf^J =0 (j / i, j / i + 1), 

r + — 1 1- ^i,n+m ^i,n+m 

q-q ^ 

and the last two relations of Ug^siN- Here we set 



n=0 \ rn=l 

oo 

(2.5) $±(n) := E'^tn^^" = e±(ng-i)e± , 



n=0 



Now we define the "i?-matrix" version of algebra UgQlpf following [lDF|] . This is an 
associative algebra, denoted by U^qI^ generated by the coefficients Lfj[k] of the series 
Lfj{z) = ^i^yQLfj[±k]z^'^ = 1, . . . , A^), satisfying the relations 

l±[o] = l;,[o] = o (l<^<J<iV), 

Lumm = LtAO]Lm = 1 {l<i<N), 
R{z/w)Lf{z)Lf{w) = Lf{w)Lf{z)R{z/w), 
R{z/w)Lf{z)L:^{w) = L^iw)Lf{z)R{z/w), 

where 

R{z) = {q-^z - E ® 

i 

+{z - 1) E ® + (^^^ - ^) E ® + -^(^'^ - 9) E -^i^ ^ 

i^j i<j i<j 

Here Eij is the N x N matrix with the (i, j) entry equal to 1 and all other entries equal 
to 0. 

Define the Hopf algebra structure on U^gljy by the formula 

N 

^iL%{z)) = Y,L%{z)^L%{z). 

k=l 
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The algebras C/^gl^v and C/g*^™g[^ are isomorphic under the isomorphism DF : 
Uq^Q^N ~^ U^qIj^ described in Section We will therefore use a single notation 
UqQi]\f for both of them. 

2.4. The algebra UqQlj^f. In this section we recall two realizations of quantized en- 
veloping algebra of gl^. 

The algebra U^^gl^^ (see [0, ^) has generators Xf, T^^^ {j = 1, . . . , N - 1, i = 
1, . . . , N), and relations 



T-X^T~^ — r7=^('^^'^~'''-ij)x=^ \X^ X^\ — 5- .^-Jdl — 



[Xf,Xf] = Q (I^-i|>i), 

[Xt,[Xt,Xf]q-.]q = Q (I^-i|=l). 



The comultiplication in U^'^qI^ is given by the formula 

/\{Ti)=Ti®T,, 
A{X+)=X+®1 + T,T-\®X+, 
AiXr)=Xr^T,+,Tr^ + l(^Xr. 

The algebra U^'^51n is the Hopf subalgebra of U^^qIj^ generated by Xf, Kf^ := 

(T,/r,+i)±i (i = i,...,iv-i). 

Now we introduce the i?-matrix realization of the same algebra. Let U^Qijq be the 
associative algebra generated by aL^, i,j = l,...,N, satisfying the relations 

L± = L-^=0 {l<i<j<N), 
L^L+ = L+L^ = l {l<^<N), 
RL-^ -— ^1 RIj^ — 

where 

R = -R{0) =q^Eii®Eii + Y^ En ® Ejj + {q - q~^) ^ Eij (g) Eji. 

i i^j i<j 



The comultiplication is given by the formula 

N 

^ 7, 



k=l 



The algebras U^'^qIj^ and U^qI^ are isomorphic. The isomorphism / : U^^'^qIj^ — > 
U^qIj^ is described in Section |3.4 Therefore we will use a single notation UqQlj^ for 
both of them. 
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2.5. Evaluation homomorphism. In this section we define two evaluation homo- 
morphisms. The relation between them is described in Section 3.5. 

Jimbo Q introduced an evaluation homomorphism eva '■ U^'^sIn — > U^'^glj^, which 
is given on generators by the formulas 

eVa{Ki) = T^Tr^\, eVa{Xf) = Xf (i = 1, . . . , - 1), 

(2.6) eVa{X+) = {-qfaq-^TiTN[X^_^, [X^_„ . . 

eVaiX^) = a^^g^^Tf ^r^^[Xj^_-^,X^_2, . . . , [X^ ,Xl]q-i . . 

(this homomorphism coincides with ef(_g)jv in the notation of Section 12. 2C in | CP2|| ). 
We remark that in Q another family of evaluation homomorphisms was also introduced. 
However, while the above homomorphisms eVa are compatible with our choice of the 
embedding U^'^sIn-i ^ U^'^sIn (namely, "left upper corner" embeddings, see Section 
|3.5| ), the homomorphisms from the other family are not (they are compatible with the 
"lower right corner" embeddings). 

Also note that we can rewrite the image of X^ using the braid group automorphisms 

(2.7) eVaiX+) = (-<?)^ag-iTirwSi+'2)s(+'2)...sfc22)(X^_,), 

(2.8) eVaiX,) = a-'q-%-'Tj,''B[-^'hi^''K..'B^^L'^{X+^,). 

We have a family of Hopf algebra automorphisms Tq : U^'^sIn — > U^'^sIn depending 
on a parameter a G C^, defined by the formulas 

raiXf) = Xf (i/0), r„(Xo±) = a±%±, TaiKf') = 

In the new realization they are given by the formulas 

(2.9) r,(x±J = a"xj„, r,(/ijj = a^hf^^, r^ikf') = kf\ 
We have: 

eVa OTb = evab- 

Next we define the evaluation homomorphism in the i?-matrix realization. 
Lemma 2.1. For any nonzero complex number a, there exists a surjective homomor- 



phism eVa '■ Uf^glj^ — > Uf^glj^ defined on the generators by the formula 



(2.10) e..(L|(z))- . 
Proof. The verification is straightforward, using the identities 

R(z) = -r + zR:^1, 

R = R^l + {q- q~')P, 
where R21 = PRP and P : (C")®^ ^ (C")®2 permutation of the factors. □ 

We have a family of Hopf algebra automorphisms Ta ■ U^qIj^ U^qIj^ depending 
on a parameter a G C^, defined by the formula 

(2.11) ra{Lf.{z)) = Lf.{a'h). 



12 EDWARD FRENKEL AND EVGENY MUKHIN 

Clearly, eva on = evab- 

In Section ^ we show that the first evaluation map coincides with the restriction of 
the second evaluation to UqSlN- We remark that the evaluation maps are not homo- 
morphisms of Hopf algebras. 

2.6. Some obvious maps. We have the following obvious embeddings of algebras: 

given by the "upper left corner" rule. For example, the first embedding maps 

where i = 1, . . . , — 2. 

Note that there also exist "lower right corner" embeddings of algebras, given by 
similar formulas. However, the "upper left corner" embeddings are compatible with 
our choice of isomorphisms between different realizations (see Section |3.5| ), and the 
"lower right corner" ones are not. 

We also have obvious embeddings of Hopf algebras 

where the second map is given by Lf- ^ -^^^^[0]. 



Finally, we have a Hopf algebra embedding 

Uq 5\n Ug 0l^, 



which maps 



(see Section 3.5 for the compatibility with the comultiplication) . 

Let C be the algebra generated by the coefficients of the series ni=i ®fi^)- of 
these coefficients belong to the center of Uq™Qlj^, and so C is a central subalgebra of 

We have an embedding of algebras 

(2.12) f/f'sU 6^ t/°^™0[7v 

If we extend the algebra Ug^'^slN by q^^^^ and k^^^^ and the algebra C by q^^^^ and 

(ni^i ii)^^^^ (we use the same notation for the extended algebras here), then we have 
the inverse embedding 

(2.13) t/r^fliA ^ c/f^^iiv e. 

So the algebras Uq^'"glj^ and Ug™5lN ^ C are "almost" isomorphic. 

We will show in Section |3| that the power series YliLi ®ti^) ^ group-like element 
with respect to the comultiplication, and hence ( p. 12 ) and (|2.13| ) are Hopf algebra 
embeddings. 
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3. Isomorphisms between different realizations 

In this section we describe the isomorphisms between different reahzations of UqSiN, 
UqQlj^ and f/gflljv defined in the previous section. 

3.1. Isomorphism between U^'^'^sIn and U^'^sIn- The isomorphism 

B : C/f ^ U^^bIn 
is essentially due to Beck [^J (see also[KT, LSS[ ). We will follow the normalization of 

IbcpH . 

Let 6 = X^iLo^ ctj be the imaginary root of sIn- For a root a of sljv and G Z, let 
Ek5+a:Fk5+a £ U^'^ sIn be the root vectors given in formula (1.7) of | BCP[ |. 

Note that -Eq,. = Xf, Fq. = , and that the braid group automorphisms Tj used 
in |BCP] coincide with the automorphisms 'B\ '^^ introduced in formula (^.2|). 



Lemma 3.1. (Lemma 1.5 in [BCP|). The following formulas define an isomorphism 



of algebras B : U^'^'^sIn ^ U^^sIn: 



/ (-im^+a, (r>0), j.(-._S{-iy+'K,ErS^^^ (r > 0), 

(^<0), ^^^*,-^-\ {-iyF.rS+a, (r < 0). 

Note that we chose the function o{i) in Lemma 1.5 of [BCP| to be 

o{i) = {-ly. 

We need the following explicit formula for xf^ which follows from Theorem 1 in 



I BCPH : 

Lemma 3.2. We have 

x±„ = (-i)"sj;^(xf), 

rU <T) ( — ,2)rD (— ,2)rn (— ,2) 'Tj(~2)rT-, 



where D is given by (^^). 

Now we compute the inverse isomorphism. 

Lemma 3.3. The following formulas define an isomorphism of algebras 
B-^ : U^^sIn ^ U^g'^'-^slN, such that B^^ oB = Id.- 

B-\xt) = x± , B-i(Ati) = fcf 1 (z = 1, . . . ,iV - 1), 

Proof. From Lemma ^.2| we obtain 

^1,1 = • • [[-'^o'l ^iv-i]g-i'^7V-2]g-i' • • • '^2^]i?-i' 

xt-l = [X2,[X^,...,[X^_-^_,Xfy]q...]q]qK-^^. 
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Now the formulas for are checked by substituting this for x^-^ and expanding 
the commutators of Drinfeld-Jimbo generators. The formulas for other generators are 
obvious. □ 

3.2. The first fundamental representation of UgSlN- We describe the explicit 
action of generators of UgSl^ in the representation obtained by pullback with respect 
to evz of the first fundamental representation of UqsIn- 

The following lemma is proved by direct verification. 

Lemma 3.4. For any z £ , there is an N -dimensional vector representation V{z), 
of U^'^sIn with basis {vq, ■ ■ ■ ,vn-i} and action tTz given by 

TTz{Ki) =qEi-i,,-i + q-^Ei,i+ ^hi (i = 1, . . . , - 1), 

i; 

Moreover, this representation is isomorphic to ev*iy), where V is the defining N~ 
dimensional representation of bIn- 

Now we compute the action of the new generators on V{z). 
Lemma 3.5. The action ofUg™5l]\f on V{z) is given by the formulas 

^^Kfc) = iq'z)''Ei,,^u 

T^zihk) = ^^(q'z)\q-^Ei.i,,^i-q^E,i). 
k 

Proof. It is straightforward to check that the formulas above define a representation of 
Ug^^siiq on V{z) (cf. Proposition 3.2.B in |Ko| ). Using Lemma 3.3, we obtain then 

that the action of U^'^sij^i is as in Lemma 3.4. □ 

3.3. Isomorphism between U^^^qIj^ and J/^gljy The isomorphism 



DF : C/f^gl^ ^ uSi 



N 



is obtained by J. Ding and I. Frenkel in |DF]. Here we describe the inverse map (in our 
normalization) . 

Recall the representation V{z) of Ug^'^siiq with action vr^ given by Lemma |3.5| . In- 
troduce the N X N matrices 

L+{z) = (tt^ (g) id)3i"\ L-{z) = (id (g)7r^)3i, 

with coefficients in Ug'^'^slN- More precisely, the entries of L^{z) are power series in 
z^^, whose coefficients are matrices whose entries belong to an extension of Ug^^slN^ by 
k^^^^ and q^^^^ . The matrices L^{z) are called the L-operators of the A^-dimensional 
representation of Uq5lj\f. The Yang-Baxter relation on the universal i?-matrix implies 
that L^{z) satisfy the relations of U^glj^. 
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Note that in the above formula we used the inverse matrix 01^^ instead of Jl. This 
choice allows us to construct the isomorphism which is compatible with the embeddings 
U^Q^N-i ~^ U^glj^ as above (that is using the "left upper corner" rule). 

Using the embedding Ug^'^slN — > U^™qIj^, we obtain two N x N matrices L^{z) 
with entries in C/^'^^gl^. Now set 



-Nn 



N \ N 



lHz) = lHz) exp ( - ,-1) '-Jf^Y.9.-n ] W^""- 



n>0 '■' i=l J i=\ 



The coefficients of ly^i^z) a priori belong to an extension of f/g'^^glAr by the elements 
■, but according to the formulas below, they actually belong to C/g^™0[^. Note that 
L^(2;) differs from Iy^(^z) only by a series, whose coefficients are central elements of 
^T^^^^ extended by t^J^ . 

Define a homomorphism (DF)~^ : \J^%\^ U^^^qIj^ sending the generators -^^[f^] 
of C/^gljv to the corresponding entries of the above matrices L^{z), which are elements 
of U^™glj^. By construction, (DF)~^ is a well-defined algebra homomorphism. 



Lemma 3.6. The homomorphism (DF) ^ is inverse to the isomorphism from | DF | . 



Proof. We use the triangular decomposition of the universal i2-matrix of U^™sIn ob- 



tained in I Da]. We have 

3? = Jl+Ji°Ol-q-^^^, 



where H (2) H is defined in Section 2.2. Explicitly we have 



aeA+ n>0 
aGA+ 7i<0 

where A_|_ is the set of positive roots of sl^, and 



m 



exp,(x)=x;^, (mv=n- 



i>0 ^ '1 ' i=l 



(see Definition 4 in [Da| for the description of the order of these factors). The explicit 
formula for is given in Theorem 2 of |Da| (see also formula (3.7) in pR2| ) . 
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Therefore we find (compare with formula (3.22) of |DF| ): 



L+(z) 



/ 1 

* 





1 

a;^(V) 



<o 



0\ 





/Ar(z) 

A^{z) 



1 



V 

and 

L-{Z): 







/ 1 

-xt{zq)>o 
* 





A^(^)/ 








1 





-x^(V)>o 



V 






1 

* 
* 



^2 (V)<0 

1 









1 



0\ 









/A+(z) 

Atiz) 

\ 

where 



\ 





-x%_,{zq^~^)>0 1 / 

/ 1 -x^{zq):^o * 
1 -XalV 













1 




-X^z-' + ... \ 



-Xj^__i{zq^ ^)>o 
1 J 



xf{z)<o = {q-q-')Y, 
j<0 

xt{z)>o = {q-q'^)J2^i 
j>0 



x^-z~^ 



{xt){zUo = {q - q-')Yl 
j<0 



x^-z~^ 



{xf){zU = {q-q-')Y.^' 



j>0 



X-z + --- = z(-qf{q - q-')tNX^t^' +z\...), 
-X+Z-' + ... = -z-\-q)-^(q - q-')hX+t],' + z-\. 



A^(z) 



1 ^ Qf {z-'q-'^ 



Qt{z-^q)i\ Qf{z-'q) 



(note that we have moved the term q^^®^ to the middle factor). 
Introduce the series 



2-2N\ 



□ 
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According to Q], the coefficients of these series are central elements of the algebra 
i/^gljY- Moreover, because S^{z) may be interpreted as the L-operators corresponding 

to a one-dimensional representation of C/^gljy (called the quantum determinant), they 
have "group-like" comultiplication: 

(3.1) A{S^{z))=S^{z)(E)S^{z). 
The coefficients of the series 

N N 

(3.2) ll^t{zq'-'')=ll^t{z-V''-'^ 

i=l 



are central elements of Ug^^Qlj^. 

The above formulas for (DF)"-"^ imply that S^{z) and YliLi {zq'^''^^) act by the 
same power series in z^^ on any lowest weight vector. Therefore we obtain 

Lemma 3.7. We have 

N 



In particular, the maps ( 2.12 ) and ^2.1$ ) are embeddings of Hopf algebras. 

3.4. Embedding of U^'^sIn into U^glj^f. Now we can complete the picture and com- 
pute explicitly the embedding of U^'^sIn into U^glj^f and the isomorphism between 
U^^qIn and U^Q 

Lemma 3.8. The following formulas define an embedding of Hopf algebras 





= (- 


qf{q-'-q)-'L-^[-l\L+^ 


[0] 




= (- 




1], 




= 






Hxn 


= (q 






im 


= Li 


[0]im,m[0] (^ = !,•••, 


N 



Proof. The formulas for Ki, i = 1,...,A^ — 1, follow from comparing the constant 
coefficients of the diagonal entries in the above formula for L'^{z). The formulas for 
and X~ , i = 1, . . . , N — 1, follow from comparing the constant coefficients of the 
(i, i + 1) entries in L^{z) and of the (i + 1, i) entries in L'^{z) respectively. Finally the 
formulas for Xq and Xq follow from comparing the z^^ coefficient of the (1, A^) entry 
of L~{z) and the z coefficient of the (A, 1) entry of L^{z) respectively. 

After that it is straightforward to check on the generators that this map is compatible 
with comultiplication. □ 



Similarly, we obtain the following 
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Figure 1 . Different realizations of quantum groups. 



Lemma 3.9. The following formulas define an isomorphism of Hopf algebras 
I : U^'qI^ ^ U^gl^, 

I{Xt) = (q-'-q)-' 17^^,1+ (i = l,...,iV-l), 
I{Xr) = (q-q-^^LT^Ll^^ {i = I, . . . , N - 1), 
I{T^ = L± {i = l,...,N). 

3.5. Summary. The maps described above are summarized in Figure |l|. All maps 
in Figure |^ are algebra homomorphisms, moreover the maps in the upper left and the 
upper right faces are Hopf algebra homomorphisms. 

Theorem 3.10. The diagram in Figure^ is commutative. 

Proof. The commutativity of all faces except for the back, lower left and lower right 
ones follow from the definitions of the maps. 
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The commutativity of the lower left face is checked explicitly on generators. The 
only nontrivial case is that ofX^. We use the relations 

{RLtL+)':i = {L+LtR)\i, {l<i<k<j<N), 
{RL^L^ti = {L^L^Rti {N<i>k>j>0), 
which hold in U^Ql]y. They can be rewritten in the form 

[Lfk^Lt^] = {q-'-q)Lt,Lt^ {l<^<k<J<N), 
[L-k,Lg = [q-q-^)L',,LT^ {N>i>k>j>0). 
Now, we compute 
I~HeVa{i{X+))) 

— ^ ^ ^q _}g-l-jN-l ^N-1,N-1 [-^JV-l.AT' • • • ' -^33 [-^34' -^221-^23' -^12]] • • ■]^NN^ 

= a(-(z)^r^ijr^-iX^_i, . . . , T^'[T3X^,T^'[T2X^,T,X{]] . . .]Tr, 

The computation for Xq is similar. The same argument also proves the commutativity 
of the lower right face. 

The commutativity of the back face is proved by standard diagram chasing argument 
from the commutativity of the other faces. □ 

4. Finite-dimensional representations and ^-characters for generic q 

In this section we recall known facts about finite-dimensional representations of UqSlN 
in the case of generic q and extend them to the case of UgQl^^. We also compute the 
g-characters of the evaluation modules of UgQlp^. 

4.1. Finite-dimensional representations of Uq5l]\f. First we recall the classification 

of finite-dimensional representations of UgSlN, due to Chari and Pressley. The details 
can be found in [ pP^ and |CP|]. 

Recall that in this paper we restrict ourselves to type 1 representations of UgSl^ (see 
the definition in Section p.2| ). 

Define the elements Ti^n £ U^'^'^sIn {i = I,. . . ,N—l,n£Z) through the generating 
functions 

n>0 V m>0 / 

We have 

(4.1) ^f{u) = kt'Tt{uq-')Tt{uq)-\ 
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Let y be a representation of UqSiN- A vector v \s called a highest weight vector 

if 

(4.2) rE+„ • t; = 0, • v = Pi^^v, h ■ v = q^'^v 

(i = l,...,A^ — l,nSZ), where Pi_„, G C and fj,i G 7, (actually, then necessarily fj.i € 
Z>o). The representation V is called a highest weight representation if V = UgSlj^ ■ v, 
for some highest weight vector v. Every finite-dimensional irreducible representation 
V of UqSIn of type 1 is a highest weight representation and 

(4.3) Ptiu) := j;P,±.n±" = n(l - afu^'). 

n>0 j=l 

In particular, the polynomials Pj^{u) determine the polynomials Pj^{u) and the num- 
bers jjLi. In order to simplify notation, we will denote Pj^{u) by Pi{u). The polynomials 
Pi{u) (z = 1, . . . , — 1), are called the Drinfeld polynomials of V . For any (A^ — 1)- 
tuple P = (Pi(n),... ,Pn-i{u)) of polynomials with constant term 1, there exists a 
unique representation of UqSlN with such Drinfeld polynomials. 

For a G C^, the Drinfeld polynomials of the pullback of irreducible C/gS [at -module 
with Drinfeld polynomials Pi{u) by the automorphism Tq (see formula (|2.9| )) are given 
hy Pi{au) (z = l,...,A^-l). 

4.2. Finite-dimensional representations of Uq^lj^. A vector w in a f/ggt^-module 
W is called a vector of weight A = (Ai, . . . , Aat) G Z", if 

Ti-w = q^'w {i = l,...,N). 

A representation W of UqQ\]^ is said to be of type 1 if it is the direct sum of its weight 
spaces W = ®\W\, where W\ = {w & W\Ti ■ w = q^^w}. 

Let be the category of finite-dimensional representations W of UqQ[j^ of type 1, 
such that all weights A = (Ai, . . . occurring in W have nonnegative integral com- 
ponents, i.e., Aj G Z>o {i = 1,... ,A^). These representations are quantum analogues 
of the polynomial representations of GL„. The category 9"7v is semisimple, with simple 
objects being the irreducible representations with highest weights A = (Ai, . . . , A^v), 
where Ai > A2 > • • • > Aat > 0. 

A representation V of UqQ[j^ is said to be of type 1 if y is of type 1 as a representation 

of C/gflljv 

Define elements Qj_„ G Ug^'^gl^ {i = 1,...,N, n G Z), through the generating 
functions 

Qfiu) = Q,±„n±" = exp U J] ^n^™)) • 

n>0 \ m>0 / 

We have 

(4.4) ef(n) = tfQf{uq'')Qt{uqr\ 

(4.5) Tf{u) = Qfiuq^-')Qt^,{uq^+')-\ 
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Note that the coefficients C„ (n € Z), of the series 



N 



(4.6) C7±(n) := J]C±„u±" = J]Q 



n>0 i=l 



are central elements of UqQij^. Recall that C is the algebra generated by the coefficients 
of the products Hi^i Then C is also generated by C„ (n G Z) and the element 

Let y be a finite-dimensional representation of UqQlj^ of type 1. Recall that the ele- 
ments {ti, Qi^n} commute among themselves, so every finite-dimensional representation 
y is a direct sum of generalized eigenspaces 

^(A,7) = {x e Vx\ (Qi,„ - 7i,nF ■ X = for some p, {i = 1, . . . , N, n e Z)}. 

The decomposition of V into a direct sum of subspaces V(^x^~^) is a refinement of its 
weight decomposition. 

Given a collection (A, 7) of generalized eigenvalues, we form the generating functions 

n>0 

We refer to the collections (A, F) := {Xi,Tf{u))i=i^,„^N occurring on a given represen- 
tation V as the common spectra of {ti, Qf{u)}. 

Lemma 4.1. The generalized eigenvalues of {ti, Q^(m)} satisfy the multiplicative prop- 
erty, i.e., the generalized eigenvalues on Vi ® V2 are the products of the generalized 
eigenvalues on Vi and V2. 

Proof. The comultiplication formula iS.{ti) = ti ® ti implies that the eigenvalues of tiS 
satisfy the multiplicative property. 

Let us extend UqQlj;^ by adding tf^^^ and q^^^ . Consider the commutative subalge- 
bra 3 (resp., 3) of UgQl^ generated by ki, 'J'i^n, n G Z, i = 1, . . . , iV - 1 (resp., ti, Qi,„, 
n G Z, i = 1, . . . , N). Then we have an embedding 3 ^ 3 ® C- 

Using this embedding, it suffices to establish the multiplicative property of 'J'fiu) 
and (n) . The former follows from Proposition 1 in [ |FR2| ] , and the latter follows from 
the comultiplication formula (3.1). □ 

The maps ( p. 12 ), ( p. 13 ) allow us to identify irreducible C/qgljv~niodules with tensor 
products of the form V' ® V", where V is an irreducible representation of UgSliy, on 
which C acts trivially, and V" is a one-dimensional representation, on which UgSlN acts 
trivially. That enables us to carry over the results about representations of UgSiN to 
the case of UgQlj^. 

Let F be a representation of UgQlj^. A vector v & V is called a highest weight vector, 

if 

(4.7) ^tn-v = 0> • ^ = Qfiu)v ti-v = q^'v 

{i = 1, . . . , N, j = 1, . . . , N — 1, n G Z). The module V is called a highest weight 

module ifV = UgQlj^f ■ v for some highest weight vector v. 
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The following lemma follows from existence of maps ( |2T^ ), and the description 

of [/gSlAT-modules. 

Lemma 4.2. Any irreducible UgQlj^ -module V, whose restriction to C/qflljv is in S'at, 
is a highest weight module and the ratios of the eigenvalues ofQ^{u) corresponding to 
the highest weight vector 

are of the form ( l^.^ ), where fii = \i — Xi+i. Moreover, there is a bijection between 
N -tuples Qf{u) {i = 1, . . . ,N) with such property and the irreducible UqQij^ -modules 
whose restriction to UqQ[]^ is in S'n. 

4.3. Polynomial representations of UqQlj^. In order to avoid the redundancy re- 
lated to the central characters, we impose a condition on the possible spectra of 
{ti, Qf{u)} on the finite-dimensional representations of UgQlj^f. 

Let 3^N be the category of all finite-dimensional representations V of UgQi^, such 
that 

• the restriction of V to UgQlj^ is in 3'n', 

• each generalized common eigenvalue of Qfiu) in Vx, where A = (Ai, . . . , Xn), is 
a polynomial Tf{u) in u^^ of degree Aj, so that the zeroes of the functions Tf{u) 
and T~{u) coincide. 

The last condition means that common spectra of {ti,Qf{u)} on a polynomial repre- 
sentation V of UgQl^^ are of the form (A, L), where 

A, 

(4.8) Tf{u) = l[il-af,\^^), a^fcSCX. 

k=l 

In particular, the (generalized) eigenvalues of ti and Q^{u) are determined by those of 

We will call the objects of the category S^at polynomial representations ofUgQlj^. In 
this paper we restrict ourselves to polynomial representations of UgQlj^. 

In particular, if V is an irreducible f/gg[jv from the category 3^]y, then it is gen- 
erated by a highest weight vector satisfying ([4.7]), where Qf{u) are polynomials in 
u^^ . The polynomials Q^{u) have the property that for i = 1, . . . , N — 1, the ratio 
Qf{u)/Qfj^^{uq'^) is also a polynomial in u^^. We denote Qf{u) by Qi{u) and by anal- 
ogy with the UgSlisr case, we call the polynomials Qi{u) (i = 1, . . . , A''), the Drinfeld 
polynomials of V. 

An A^-tuple of polynomials Q = {Qi{u), . . . ,Qn{u)) with constant terms 1 is called 
dominant if for i = l,...,A'^— 1, the ratio Qi{u) / Qi-\-i{uq^) is a polynomial. 

Thus the irreducible objects in the category S^tv are in one-to-one correspondence 
with the dominant A^-tuples of polynomials. Denote the irreducible polynomial UgQlj^- 
module corresponding to a dominant A^-tuple Q by V{Q). 



Lemma 4.1 implies the multiplicative property of the Drinfeld polynomials of irre- 



ducible representations from the category 3^n- The pullback by the automorphism Ta 
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(see formula ( p.llD ) has the effect of changing the Drinfeld polynomials by the rule 
Qi{u) Qi{ua). 

The Hopf algebra structure on UqQlj^ (defined in terms of its ii-matrix realization) 
makes the category of its finite-dimensional representations into a monoidal category. 



The following lemma is a consequence of Lemma 4.1 . 

Lemma 4.3. The category 3"^? is a full monoidal subcategory of the category of all 
finite- dimensional representations ofUqQl^, i.e., if Vi,V2 € 3'n, then Vi (X) V2 € 3'n- 

The following lemma shows that the definition of 9"jv is not too restrictive. 

Lemma 4.4. Any finite- dimensional representation of UgSl^ may be obtained as the 
restriction of a polynomial representation ofUgQlj^. 

Proof. Let V be an irreducible finite-dimensional C/gSlTv-module. In order to lift it to 
a representation of C/ggt^v, we need to define an action of Qf{u) and ti on V in such 
a way that the relations (|4.5| ) and the relations ki = tit^^ are satisfied. We make 
Q^(n) act as the identity and define the action of the remaining series 
recursively using formula (^]^). Likewise, we make tN act as the identity and define 
the remaining elements ti recursively using the formula ti = ti+iki. The representation 
of UqQl^ obtained in this way satisfies the following conditions: its restriction to UqQij^ 
is of type 1, so that V = (BVx,X G Z^; the common generalized eigenvalues of Q^{u) 
on Vx have the form 

and Xi = ki — ri. 

Now observe that UqQljy[ has a family of one-dimensional representation Det^, a € 
(the quantum determinants) on which the subalgebra UqSlN C UqQlj^ acts trivially, 
Qf{u) acts by multiplication by (1 — a^'^ q^'^^'^~'^'^ u^^) ^ and ti acts by multiplication by 

q- 

By Lemma 11 , the generalized eigenvalues of {u) and ti satisfy the multiplicative 
property. This property implies that the tensor product of V with the one-dimensional 
representations Deta, where runs over the list of the poles of Vf (uq'^^^~'^'^) {i = 
1, . . . , A^), has the structure of a C/^g [^-module on V, which satisfies the condition of 
the lemma. □ 

4.4. The q— characters. In this section we recall some facts about the (^-characters 
of f/gS [at -modules which can be found in |FR2|, [FM1| and extend the construction to 



the case of C/gg[jv-modules. 

Let y be a finite-dimensional [7^5 Itv ^module and vi,...^Vn be a basis of common 



generalized eigenvectors of {fcj, J'^(n)}. By Proposition 1 in | FR2 |, the common eigen- 
values of operators 'J'f{u) on each vector Vg are rational functions of the form 
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Moreover, kiVs = q^^''~'^^"Vs- By definition, the g-character of V , denoted by Xqi^)^ is 
an element of the commutative ring of polynomials ^[^^^li'Ji'^ Af-i' '^hich is equal to 

n N—l / kis rig \ 

s=l i=l \k=l r=l / 

In the case of an irreducible representation, the monomial in x<j(^) corresponding to 
the highest weight vector is called the highest weight monomial. 

Let Rep UqSIn be the Grothendieck ring of the category of all finite-dimensional 
representations of UqSlN- Then the map 

X, : Rep U,b\n ^ mtaXtS-.N-i^ M ^ Xg{V), 
is an injective homomorphism of rings. Moreover, the image of Xg is given by 

i=l,...,N-l 

where we set Y^^a = ^o,a = 1- 

Fix a £ C^. Denote by Rep^UgSliy the subring of Rep UgSliy spanned by those 
representations whose g-characters are polynomials in Y^^i^2k-i = 1,...,A^ — 1, 
keZ). '''"^ 

By Corollary 6.15 in [ FMl ], the class of the irreducible module V is in Rep^C/gStAr 
if and only if the roots of its Drinfeld polynomials Pi{u) are of the form g-*-2fc+i 
(i = 1, . . . , — 1, A; € Z) or, equivalently, the highest weight monomial in Xq(y) is a 
monomial in ,jgi+2fc-i {i = 1, . . . , N — 1, k £ Z). Moreover, we have the decomposition 
of rings 



Rep UgSiN ^ 09 ^ePaUgSlN, 

where the tensor product is over the torus of bases of all lattices of the form {aq^^} in 

Similarly, let V G 3'n be a polynomial C/^gl^y-module. Let vi, . . . ,Vn he a basis of 
common generalized eigenvectors of {ti, Q^} in V. Then the generalized eigenvalues of 
Qf{u) on each vector Vs are polynomials 

fc=i 

Furthermore, we have: tiVs = g^'-'Us. 

By definition, the g-character of V, denoted again by Xgi^)? is an element of the 
ring of polynomials Z[Ajd]^JJ-'^ ^, given by the formula 

n N Xis 



S = l 4 = 1 k=l 
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In the case of an irreducible representation V, the monomial in Xqi^) corresponding to 
the highest weight vector is called the highest weight monomial of V. By construction, 
the highest weight monomial of the irreducible representation V{Q) of UqqI^ records 
all information about the Drinfeld polynomials Qi{u). 

Let Rep UqQ[j^ be the Grothendieck ring of the monoidal category "Jm- Using Lemma 



4.1 and the one-to-one correspondence between irreducible representations and highest 



weight monomials, we obtain the following 
Lemma 4.5. The map 

: Rep U,Q\^ ^ miA'i=il,N^ ^ Xq{V), 

is an injective homomorphism of rings. 
Consider the homomorphism of rings 

(4.9) : z[A,jg:^^ ^ nYS]-S..,N-v A,, ^ i^,a,.-ii;:l,,,.. 

From formula (|4.5|) we obtain the following 



Lemma 4.6. Let V £ 3^n be a UqQlj^ -module with q-character Xqi^)- Then the q- 
character of the restriction of V to UqSl]\f is equal to Kq{xg{V)). 

A monomial m in Zi[Ai^a]i=i^ n is called dominant if Kq{m) does not contain negative 
powers of Yi^a- The highest weight monomial of any irreducible polynomial representa- 
tion is dominant. 

Fix a E C^. Denote Rep^j C/qflljv the subring of Rep UgQlj^ spanned by all represen- 
tations whose g-characters belong to ^[Aj 2fe]^Jf ^. Then, we have an injective ring 



homomorphism 



If V is an irreducible polynomial representation, then [V] belongs to the subring 
Rep„?7q0[^ if and only if the highest weight monomial of y is a monomial in Aj^^g2fc 
(fc G Z). We have the decomposition of rings 



RepUgQl^^ 09 Rep„f/q0[^, 

aeCx /(j2Z 

where the tensor product is over the set of bases of distinct lattices of the form {ag^^} 
inC^. 

Irreducible polynomial representations of UgQij^ form a basis in Rep t/qflljv ^ 
free Z-module). Those irreducible representations, whose Drinfeld polynomials have 
roots in a~^g^^, form a basis in Rep^ UgQljy. In Section 4^ we describe other bases in 
Rep UqQl]sf and RepaUggljsf- 



Note that the pullback with respect to the twist T^/a given by formulas ( 2.11 ) gives 

rise to an isomorphism Rep^C/gflt^ with Kepi^UgQlj^. This isomorphism is compatible 
with the bases of irreducible representations. 

Finally, it is clear from the definition that the g-characters are compatible with all 
embeddings discussed in Section 'LG. For example, if F is a C/ggtjv-module with the 
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g-character Xg(^) then the g-character of V as the UgQi^_i-modu[e is obtained by 
replacing all Aat^q in Xij(^) by 1; the character of F as a C/ggl^v-module is obtained from 
Xg(^) by replacing each Aj^a by Aj corresponding to the weight (0, . . . , 0, 1, 0, . . . , 0) 
with 1 in the ith place. 

4.5. Evaluation modules. In this section we compute the (^-characters of the evalu- 
ation modules. 

Let us recall some standard definitions from the theory of partitions. Fix N G Z>o, 
and let A = (Ai > A2 > • • • > Aat), Aj G Z>o- Then A is a partition of |A| = Ylf=i Ai- 
Given a partition A, one draws a picture called the Young diagram which consists of 
|A| boxes arranged in rows: the first row has length Ai, the second row has length 
A2, etc. We denote the box number i in the column number j by Bij. 

A semistandard tableau of shape A is the Young diagram of A, in which each box is 
filled with a number from the set {!,... , A^}, such that the numbers in each row do not 
decrease (from left to right) and the numbers in each column strictly increase (from 
top to bottom). We denote the number in the box Bij by f{i,j). 

Here is an example of a semistandard tableau with A^ = 4, A = (4, 2, 2, 1). 



1 


1 


2 


3 


2 


2 






3 


4 






4 









Recall from [ |GZ| that the restriction of the irreducible qIat -module with highest 
weight A to glAr-i (with respect to the left upper corner inclusions) is multiplicity free. 
Moreover, the weights occurring in this decomposition, (Aat-i^i,... , Aat^i^at-i), are 
all the weights that satisfy Aj > XN-i,i > Aj+i. Decomposing further with respect 
to qIn-2, etc., we eventually come to irreducible representations of 3(1, which 

are one-dimensional. Therefore we obtain a decomposition of Vx into a direct sum of 
one-dimensional subspaces parameterized by the Gelfand-Zetlin schemes: 

Ai A2 ... ... Xn 

AaT-I,! AAr_i,2 • • • AAr_i,Ar_i 

A2,l A2,2 

Ai,i 

where AM,i > Am-i.i > AM,i+i for all i,M (we set A^v^i = Aj). To such a scheme we 
attach a semistandard tableau by the following rule. We embed the Young diagram of 
the partition (Aj^i, . . . , Aj^j) into the Young diagram of A by identifying the boxes in 
the left top corners. We refer to it as the ith subdiagram of A. Then we fill all boxes 
which belong to the ith. subdiagram but not to the (i — l)th diagram with the number 
i. It is clear that this procedure gives rise to a bijection between the Gelfand-Zetlin 
schemes and the semistandard tableaux of shape A. In our example, the semi-standard 
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tableau above corresponds to the following Gelfand-Zetlin scheme: 



4 2 2 1 
4 2 1 
3 2 
2 

Define the content, c{i,j), of the box Bij in a Young diagram by the formula j — i. 
In our example we have 






1 


2 


3 


-1 









-2 


-1 






CO 









Now to a semistandard tableau t and a number a G C^, we attach a monomial 
a,t G Z[Ai,;,]g' by the formula 

For example, to the above tableau we attach the monomial 



Let y be a representation of UgQljsf from the category 'Jj\[. Then the representation 
of UqQlj\f obtained by the pullback with respect to the evaluation homomorphism eva 
defined by formula ( 2.1C| ) is called evaluation module and is denoted by V{a). 



Lemma 4.7. Let Vx be the irreducible representation ofUqQlj^ with highest weight A = 
(Ai, . . . ,X]sf), where Aj G Z>o. Then Vx{a) is a polynomial UqQl^-module. Moreover, 
the q-character ofVx{a) is given by the formula 

Xq{Vx{a)) = Y,Ma,t, 

t 

where the sum is over all semistandard tableaux of shape X. 

Proof. The proof proceeds along the lines of the proof of a similar statement in the 
case of the Yangians given in |N"T| , Lemma 2.1 (see also [Ch]; a similar formula may 
be found in [BR] in the Bethe Ansatz context). 

Since finite-dimensional representations of UqQlj^ are (^-deformations of representa- 
tions of gt^v, the patterns for restrictions of C/ggt^v-niodules and gt^v^-modules are the 
same. In particular, for each Gelfand-Zetlin scheme S (equivalently, a semistandard 
tableau t of shape A), there is a vector vs of Vx, which is contained in the UqQlM- 
component of Vx with highest weight (Am,i, • • • , Am,m)- We claim that each of these 
vectors vs is a common eigenspace of {t j , (n) } which contributes the monomial M^^t 
to Xq{Vx{a)). 
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In order to show this, we consider an action of the series C'(^./)(-2) = Ili^i ^fi^'f' 
on V\{a). Using formulas ( |3.2D and ([4.4|), we can then recover the action of Q.f{u) and 
ti. 

The coefficients of C^^j(z) are central elements of UqQlj^i and they act by scalar 
operators on each irreducible UqQij^^ module. In particular each vg is an eigenvector of 

Recall that by Theorem 3.1C| , the evaluation homomorphism commutes with the 
restrictions. Therefore, if W is an irreducible UqQl^^j submodule of V\., then W{a) is an 
irreducible C/^sIm submodule in ^^(0)- 

To compute the action of C^j^~^{z) on vs, we consider the lowest weight vector ws of 
the corresponding C/g0ljvf module. In other words, ws is the lowest weight vector of the 
the evaluation C/gflljvf module containing vs- Note that by the weight decomposition of 
V\, the vector ws is an eigenvector of each Kf{z), i = 1, . . . , M. Let us compute these 
eigenvalues. 

Consider any evaluation module of f/qgl^/. It follows from the formulas for the 
triangular decomposition of L'^{z) that the action of ^f{z) (i = 1, . . . , M) on a lowest 
weight vector of V"^ coincides with the action of Lf-{z). Note that = T^^ by 
Lemma |3.9| , therefore using ( |2.10D we compute 

[ZjVfj, - -. fy. 



(z/a)^i 1 - (2/a)Ti 



(note that the weight of is (/xm , /^Af-i, • • • Therefore, using formula (3^) we 

find that the eigenvalue of Q^jiz'^q"^^^'^) on vs is 



n 



Using formula (|4.4| ) and the above rule assigning to S* a semistandard tableau, we obtain 
the statement of the lemma. □ 

In particular, the highest weight monomial of Vx{a) corresponds to the tableau, in 
which f{i,j) = i (i.e., it is filled with I's in the first row, 2's in the second row, etc.). 
This describes the Drinfeld polynomials of the evaluation modules. 

Let uJi = (1, . . . , 1, 1, 0, . . . , 0), where the last 1 is in the ith position, be the fun- 
damental weights of gl^. The evaluation modules V^^{a) are called the fundamental 
representations of UqQl]\i. According to Lemma 4.7, we have 

(4.10) Xq{Vc,^ia))= Aji,aAj2^„g-2 ...Aj-^_„g-2+2.. 

i<ii<j2<---<ii<Af 

In particular, the highest weight monomial of V^^{a) is equal to YYj=i ^j,aq'^-^^ ■ Note 
that for i = 1, . . . , — 1, the restriction of Vu^{a) to UqSlN gives us the representation 
with Drinfeld polynomials P = (1, . . . , 1, l — aq^~'^u, 1, . . . , 1), where l — aq^~^u is in zth 
position. The representation V^^ (a) is the one-dimensional determinant representation 
of UqQljsi and its restriction to UqSlN is trivial. 
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From the uniqueness of an irreducible polynomial representation of UqQljy with a 
given highest weight monomial (equivalently, a set of Drinfeld polynomials) and the 
multiplicative property of the g-characters (see Lemma 4.5) we obtain the following 

Lemma 4.8. Any irreducible finite- dimensional polynomial representation V ofUqQij^ 
occurs as a quotient of the submodule of the tensor product Kci.^ (ai) (gi . . . (8i Ki^^ («n); 
generated by the tensor product of the highest weight vectors. Moreover, the parameters 
{ooi^, Ok), where k = 1, . . . ,n, are uniquely determined by V up to a permutation. 

Therefore, we have a basis in Rep UqqIj^ given by the tensor products of the fun- 
damental representations Kji(a) {i = 1,...,N, a £ C^). We also have a basis in 
Repjj UqQl]y given by the tensor products of the fundamental representations Vuji{aq'^'^) 
(i = 1, . . . , N , k £ Z). Therefore we have isomorphisms 

(4.11) Rep„ UgQl^ nVu.MQ'"')]^=t.,N, Rep Uggl^ ^ nVu.M'=Z..,N- 
5. The inductive limit of Rep^C/ggt^ 

In this section we define the inductive limit lim Rep UqQlj^ and a Hopf algebra 
structure on it. 

5.1. Definition of the inductive limit. In this section we define the ring Rep UqQl^ 
together with two linear bases, corresponding to tensor products of the fundamental 
representations and to irreducible representations respectively. 

Let In = Z[ti,n]"Jf tv ~ ^[^«>"]r^^>o commutative rings of polynomials. We 
introduce a Z>o-gradation on them by setting the degree of ti^n to be equal to i. 

For N G Z>0) we have embeddings of graded rings 

Then the ring Too is the inductive limit lim 7n . 

Fix a £ C^. According to formula ( [4.11 ), for N G Z>0) we have isomorphisms of 
rings 

(5.1) Rep, UgQl^ ^ 7n, [K.,(a'?'")] ^ U^n- 

We call the ring Too — hm Rep, UqQlj^ the Grothendieck ring of UqQl^ (restricted 

to the lattice with base a), and denote it by Kep^UqQl^. The monomial basis of 
Too = Rep, C/gfltoo corresponds to the basis of tensor products of the fundamental 
representations. 
We also set 

(5.2) RepC/,0loo:= (g) Rep^UqQl^. 
Thus we have: 



Rep,?7g0[oo = lim Rep,C/gg[^, 
Rep t/ggtoo = hm Rep UgQl]^. 
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Remark 5.1. Note that we may define a similar way the inductive hmit Rep„ UqSloo of 
the Grothendieck rings Rep^ UqSiN- Since Rep^ UqSlN is identified with the subring of 
Repa UgQlj\; = Tat generated by z = l,...,A^ — 1, we obtain that 

Rep„ UqSloo =^ Too =i RePa UqQl^. 

However, it is more convenient to work with the inductive limit of Rep^ UqQlp^, rather 
than of Repd UqSlN, because for = A''i + A''2 there exist an algebra homomorphism 
^gQ^Ni Uq9^N2 ~^ UqQ^N which induces an isomorphism on the "Cartan" parts (gen- 
erated by tf^, Qi-n)- We use this homomorphism extensively in what follows. □ 

Now we show that irreducible representations of t/ggtTv stabilize in the limit ^ oo. 
Namely, each irreducible representation of f/^fll^ defines an element of Rep UqQl^. 
Lemma 5^ proved below shows that irreducible representations Vi and V2 of UqQ[j^ 



and UqQij^i, respectively, where N < M, define the same element of Rep UqQl^ if and 
only if the sequence of Drinfeld polynomials of V2 coincides with the sequence of the 
Drinfeld polynomials of Vi extended by I's. This implies that Rep Uqgl^ has a basis 
corresponding to irreducible representations. 

More precisely, let Q = {Qi{u), . . . ,Qn{u)) be a dominant A^-tuple of polynomials 
and V{Q) the corresponding C/ggt^v-module. Set 

N 

degQ = ^degQj. 

1=1 

We say that the degree of V{Q) is degQ. 

For M > N, let Q^^) be the M-tuple of polynomials (Qi('u), . . . , Qwiu), 1, • • • , 1). 
An M-tuple of polynomials Qi and an A^-tuple of polynomials Q2 are called equivalent 

if Qi = Q^^^ ■ Note that if Qi and Q2 are equivalent, then degQi = degQ2- 

An A^-tuple Q of polynomials with constant term 1 is called minimal if QNiu) 7^ 1 
or N = 1. An M-tuple Q is equivalent to exactly one minimal A^-tuple with some 
N <M. We call the length of the M-tuple Q. 

Let m £ 7n C 7m be a monomial in of degree d. For M > N, let W^^^\m) 
be the corresponding element of Rep^ t^gSW (the class of the tensor product of the 
fundamental representations) defined by the isomorphism ( ^.Ij ). We can represent it in 
Rep„C/q0[^/ uniquely as a linear combination of irreducible representations 

(5.3) H^(^)(m) = j;cf)(m)[y(Q,)], 

i 

with some non-negative integral coefficients c-*^^(m). 



Introduce a Z-gradation on the ring '■= '^[^i,aq'^A^=i n setting deg Aj 
1. According to formula ( 4.101) , the g-character homomorphism Xq '■ '^N ^ pre- 



serves the gradation. This implies that if Ci{m) 7^ in formula (5.3), then degQj = d, 
so in particular the length of Qj is at most d. Therefore the set of possible appearing 
in formula ( |5.3D is the same for all M > d, and we can rewrite formula ( |5.3| ) for M > d 
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as 

(5.4) W^W(m) = ^c;*')(m) [F(gf'))], 

i 

where the sum is over all d-tuples of monomials Qj of degree d. Note that only finitely 
many coefficients c-*^^(m) are nonzero in this formula. 

Lemma 5.2. There exists Mq > d, such that c['^'^\m) = ci^°\m) for all M > Mq and 
all i. 

In order to prove this lemma, we need to introduce our main technical tool: the 
restriction operators. 

5.2. Definition of tlie restriction operators. The algebra UqQlj^ contains subal- 
gebras isomorphic to UqQ[j^_i and to UqQii. The first one is defined by the upper left 
corner inclusion in Section and the second one is the subalgebra generated (in 
the "new" realization) by t^, gN,n {n € Z \ 0). According to the relations of Sec- 



tion |2.3| , the two subalgebras commute inside UqQlj^. Hence we obtain an embedding 

UqQl^_l ® UqQl^ ^ UqQlj^. 

Observe that the isomorphism ( |5.f| ) identifies the ring Rep^j Uq'gli with the ring of 
polynomials in variables X„ := (n E Z). 

The restriction of a polynomial representation of t/gfltjv to C/qgljv-i (8)C/g0li belongs to 
the product of the categories 3^n~i and 3"i. Thus, we obtain a functor J'jv 3'n-i x 3"i 
and a linear map 

RePa UqQl^ RePa UqQlN-l <S> Rep^ Uq0li. 

Under this map, 

(5.5) [V]^Y.^Vrr.]0Xrr^, 

m 

where the sum is over all m = (mi > • • • > m^), mi £ Z and Xm ■= XmiXm2 ■ ■ ■ Xm^ ■ 
For each ordered set m = (mi > • • • > m^), m^ G Z (empty if /c = 0) we define the 
restriction operator res^^ by the formula 

(5.6) res^^ : Rep^UgQl^ Rep„ C/gfll^.i, [V] ^ [Vm]. 

Recall the notation = Z[Aj^^2ii]"J^ and consider the natural isomorphism 
of rings ajy '■ — > ^N-i ® '^i- Given P G L^, we write 

(5.7) aN{P) ='^Pm® (Ajv,ag2™i ^N,aq^"'2 ■ ■ ■ ^N,aq2"'k), 

m 

where the sum is over all m = (mi > • • • > m^), nii € Z. 

Define a linear operator fes^^ : £jn ^ ^n-i sending P to Pm- 

The g-character of the C/gflti-module corresponding to Xi equals Ai_g2!. Therefore 

(5.8) Xq{^esi^\v])=rTsi^\xqiV)). 
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In other words, the g-character of reSm''[F] is obtained from x(^) by collecting all 
monomials of Xgi^) which are products of P G ^n~i and AN,m, and setting AN,m = 1- 
In particular, we obtain the following 

Lemma 5.3. 

res^^ [Vi ^V2]= Yl ^^^-1^ [^i] ® ^^^-2^ [^2] . 

T7^=rT^lUT7^2 

Here and below the summation is over all possible splittings of the sequence m into a 
disjoint union of non-increasing subsequences, with each splitting counted only once. 



Using formulas (^]^) and ( [4.10| ) we find the following 
Lemma 5.4. For the fundamental representation we have 

r tij if m = 0, j < N, 
res\n iUj) = < ij-ij if m = {j - i + 1), 
I otherwise. 

These formulas do not depend on if is large enough. Using this fact and Lemma 



5.3 we can pass to the inductive limit. 



For m = (mi > • • • > mfc), nii G Z, define the operator 

resm : Rep„ UgQl^ Rep„ UgQl^ 

by the formulas 

{tij if m = 0, 

ti-ij if m = {j -i + 1), 
otherwise, 

(5.10) 

m=miUm2 

We denote the operators res(j), i G Z simply by resj. Note that the operators reSj 
{i G Z) are derivations of the ring Rep^ UqQl^. 

5.3. Stabilization of irreducible representations. Now we are ready to prove 
Lemma |5.2|. 



Proof of Lemma 5.L For the sake of brevity, we use the simplified notation, = 
W(^Hm) and c^^ = c\^\m). 

Choose a coefficient c^^^'' in the RHS of (|5.4|). Since q-^^^ > 0, it is sufficient to prove 



that {c-^^^}A/>Ar form a non-increasing sequence, i.e., c\^^^ < c\^\ for M > N. 

According to our assumption, is a product of with i < M. By 

Lemma 5.4, res0^'^^"^^(tj^„) = ti^n for all i < M. Using Lemma 5.3 we obtain 

res(^+^) ^(A'm)^^(Af)_ 

In other words, Xgi^^^^^) is exactly the sum of all monomials in Xq{^^^^~^^^) which 
do not contain Am+i.u (n G Z). 
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Thus, for any d-tuple Qj with d < M, we have that ies^^^~^^\v {q[^^~^^^)] is a sum 
of [^(Q-'^^)] with a hnear combination of other irreducible C/qg [^-modules with non- 
negative coefficients. Applying resg*^^^^ to both sides of the equality 

i 

we find that equals X^i '^i*^^^'* [^(QI*^''] P^^^ ^ combination with non-negative 

coefficients of other irreducible C/gglj^f-modules. Therefore c\^'^~^^^ < c-*^\ □ 



Actually, one can prove that Mq in Lemma can be chosen to be equal to d, but 
we do not need this exact bound for the purposes of this paper. 

We also have a decomposition inverse to (|5.4|). Fix a dominant A^-tuple of polyno- 



mials Q with roots in aq^^. Then for all A-I > N we have an equality in Rep^j UgQl^j, 
(5.11) F(Q(*^)) = Y,bl''\Q) W^^'\m,), 

i 

where b^j^^'^ are some integers and W'^^'^\'mi) are tensor products of fundamental repre- 
sentations corresponding to monomials rrii £ 7oq of degree dj. For each M in this sum 
only finitely many terms are nonzero. 

Lemma 5.5. If bi / 0, then di = degQ. Moreover there exists Mq > degQ, such that 

Proof. Let d be the degree of Q. The transition matrix from {VF(mj)} to {V{Qj)} 

with entries b^^^\Qj) is inverse to the transition matrix from {V{Q^)} to {W{mj)} 

with entries {c[^^\m)}. Since V{Q) is a homogeneous element of the ring Rep„ f^gfl'M 
of degree deg Q, these matrices are unions of blocks corresponding to fixed degrees. 
These blocks are still of infinite size. However, we can further decompose them into 
blocks of finite size. 

Fix ni,n2 G Z, ni < n2 and consider the subring X^^'"^ of In generated by ij,„, 
where i G Z>o, ni < n < n2- We claim that the image of the subring X^^'"^ in 
RepaC/q0[^ has a basis of irreducible representations whose g-character contains Ai^„ 
only with n G [ni,n2]. 



Indeed, let m be a monomial in X?r^'"^. By formula ( 4.10 ), the q-character of the 



"-TV 

corresponding tensor product of fundamental representations contains Ai^^ only with 
n G [^1,712]. In particular, the g-characters of all irreducible representations in the 
RHS of ( |5.4D contain Ai^„ only with n G [^1,712]. 

On the other hand, let V be an irreducible representation whose g-character contains 
Ai^„ only with n G [ni,n2]. Represent F as a linear combination of tensor products of 



the fundamental representations as in formula ( 5.11 ). Then all VF(mj)'s in the RHS 



belong to X^^'"^. Otherwise, the highest weight monomial of the g-character of at least 
one such VF(mj)'s would appear with a nonzero coefficient in the g-character of the 
RHS of ( |5.11[ ). This monomial would then contain Ai_„ with some n [ni,n2]. This 
contradicts our assumption and hence proves the claim. 
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Finally, observe that the subspace of XS'"^ of degree d is finite-dimensional, so our 
transition matrices are unions of blocks of finite size. The statement of the lemma now 
follows from Lemma h.2i □ 



From Lemma |5.5| we obtain the following 



Corollary 5.6. The ring Rep UqQl^ has a basis corresponding to irreducible polyno- 
mial representations ofUqQij^ with minimal dominant highest weights (N € Z>Oy). 

In particular, the ring Yl&Y>a^qQ^oo linear bases, corresponding to all tensor 

products of the fundamental representations and to the irreducible representations re- 
spectively. The former basis is just the monomial basis of the ring Too. We call it the 
PBW basis. The second basis is labeled by minimal dominant A^-tuples of polynomials, 
N € Z>o, with roots in {aq"^^}. We call it the canonical basis. The transition matrix 
from the PBW to the canonical basis is a block-triangular matrix with non-negative 
integer entries and I's on the diagonal. 

5.4. A Hopf algebra structure on Rep UqQl^. In this section we introduce opera- 
tions of multiplication and comultiplication on Rep UqQl^ and show that they combine 
into the structure of a Hopf algebra. 

First we define the operation of multiplication in Rep Qioo- For each finite N we have 
an associative multiplication on Rep gl^ induced by the operation of tensor product 
of representations. It is clear from the definitions that the operation of multiplication 
of tensor products of the fundamental representations is stable in the limit N ^ oo. 
Therefore we obtain a well-defined operation of multiplication on Rep glf^. 

In particular, this implies that the operation of multiplication of the irreducible rep- 
resentations is also stable. Indeed, fix an A^-tuple P and an L-tuple Q of polynomials 
with constant term 1. Then for all M > max{A^, L} we have an equality in Rep UqQlj^^, 

(5.12) [F(P(*'^)) y(g(*'^))] = J^a5*^)(P,Q)[F(i?f^))], 



where af''{P,Q) are some non-negative integers. Here the sum is over minimal S- 
tuples Hi with S < M. For each M, only finitely many terms are non-zero in this 
sum. 



Corollary 5.7. If a[^^\p,Q) ^ 0, then degP + degQ = deg Ri. Moreover there 

exists Mo > degP + degQ, such that af '^\p, Q) = af ^°\p, Q) for all M > Mq and 
all i. 

Proof. We express V^^^\P) and V^^^\Q) as linear combinations of tensor products of 
the fundamental representations, then multiply them out and express the result as a 
linear combination of irreducible representations. All of these operation are stable (see 



Lemma |5.2| and Lemma 5.5). □ 



Now we define the comultiplication on Rep UqQl^. 

Let N,Ni,N2 be natural numbers and = A^i + N2. Using the "new" realization 
of UqQlj^, we define its subalgebras Ui = Uqgl]^^ generated by xf^ (i = 1, . . . , Ai — 1, 
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n e Z), tf^, Qi^n, [i = n G Z \ 0) and U2 = UqQlj^^ generated by xf^^ 

{i = Ni + l,...,N-l,neZ), tf\gi,n (i = + 1, . . . , N , n e Z\0). 

It follows from the defining relations that the algebras Ui and U2 commute inside 
f7g0ljv Therefore, at the level of the Grothendieck rings, the restriction of a represen- 
tation V of UqQlf^ to C/i ® J72 is uniquely written in the form 

(5.13) m = 0[^/'^]®[^/'^], 

i 

where V-^''^ are irreducible fTj— modules (j = 1,2). Define a linear map 
^Ni,N2 ■ R-epa UqQlj^ Repa C/g0(iVi Rep„ UgQl]^^ , 

i 

In the language of g-characters, Aj^^ may be described as follows: we decompose 
the g-character of V, which is a polynomial in Aj^^ (i = - ■ ■ a £ C^) into the 
sum of the products of polynomials in Aj^^ = l,---)-^i) G C^) and A^;, (j = 
Ni + 1, . . . , N, & € C^), which are the g-characters of representations V^''"'^^ and V^'^'^ of 
Ui and U2, respectively. 

In particular, we obtain that for any a £ C^, 

^7Vi,Af2(Rep„0[^r) C Rep„ Ui Rep„ U2. 



We list simple properties of the maps AjX «r ) which follow directly from the defini- 



tions. 

Lemma 5.8. For UqQlj^j modules V and W we have 
(5.14) AI,nM » W^]) = E ([^/'^ ^ ^^'^0 ^ ([^/'^ ® ^^'^^ 



Lemma 5.9. Zet N = Ni + N2 + N3. Then we have 

® id) o Al^^^^^^ = (id^Aj^^j;^3) , Aj^^,^^+^3. 

Now we compute A^_^ explicitly on the generators ti^n of Rep„C/gg[^ (i.e., the 
fundamental representations). Using formula ( 4.10 ), we obtain 

Lemma 5.10. Let Ni,N2 > i. Then 



j=0 



Therefore, the result does not depend on N,Ni,N2 when they are large enough. 
Lemma implies that AjX »r of a tensor product of fundamental representations 



ti,n,i ^ ]^i,]^2 can be written as a linear combination of terms W^^^ (8) M^^^^, where 
each VF(^) is a tensor product of the fundamental representations. Moreover, the result 
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does not depend on N, Ni,N2 when they are large. Therefore we obtain a well-defined 
map 

A : Rep„ UgQl^ Rep„ UgQl^ <S) Rep^ UgQl^. 
In more concrete terms the map A may be described as follows. We have 

i 

(5.16) A(ij_„) = ^tj> O ti-j^n-j- 

j=0 

Since Rep^ UqqI^ is the free polynomial algebra in Uj, the following formula then allows 
us to extend A inductively to all other elements of Rep^ UqQl^ (cf. ( |5.14[ )): 



where 



Using the decomposition ( ^.2[ ), we also obtain a map: 

A : Rep UgQl^ Rep C/^gloo «) Rep UgQl^. 

Theorem 5.11. There is a unique antipode S, such that (Rep UgQl^,^, A, S) is a 
Hopf algebra, and (Rep^ UgQl^o, <X>, A, S) is its Hopf subalgebra for any a G . More- 
over, RepaUgQl]^ (N G is a Hopf subalgebra o/Rep^ C/ggloo, and the Hopf algebra 
Rep„ UgQi^ is an inductive limit of these subalgebras. 

Formula { p.2\ j gives us a decomposition of the Hopf algebra Rep UgQi^ into the tensor 
product of its Hopf subalgebras Rep^ UgQl^, a E /q'^'^. 

Proof. We have already proved the associativity of 0. Coassociativity of A follows 
from Lemma and stabilization of A . The compatibility of and A follows 



from Lemma 5.8 and stabilization of 



Thus, we obtain the structure of a bialgebra on Rep^UgQl^. However, we will 



show in Lemma 6.1 below that this bialgebra is isomorphic to the bialgebra of a Hopf 
algebra. Therefore it admits a unique antipode (recall that if an antipode exists, then 
it is unique). This proves the first assertion of the theorem. 

It is clear from the definition of multiplication on Rep^^UgQl^ that Rep^UgQlj^j is 



its subalgebra. Furthermore, formula (|5.16D implies that Rep^UgQlj^ is stable under 



comultiplication. It is also stable under the antipode, as we will see below. Therefore 
we obtain the second assertion. □ 

Note that Hopf algebra Rep^ UqQl^ is commutative but not cocommutative. 
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5.5. The Hopf algebra Rep UqQloo- The definition of the Hopf algebra Rep UqQloo is 
parahel to that of Rep UqQl^. ExpUcitly, we have 

i 

Rep UqQloo = Z[rj]igz>o, A(rj) = ^rj® n-j. 

j=0 

Here (i G Z>o) are the classes of the ith fundamental modules and we set ro = 1. In 
particular, the Hopf algebra Rep C/qfltoo is commutative and cocommutative. 

6. A Hopf algebra structure on Rep„ UqQl^ 

In this section we identify the Hopf algebra RepaUqQl^ with the Hopf algebra of 
functions on the group SL^ of lower unipotent infinite matrices. Then wc describe the 
corresponding action of the Lie algebra sloo on Rcp^ UqqI^ in representation theoretic 
terms. Finally, we identify the subspace of Rep^j UqQi^ spanned by the evaluation 
representations taken at a fixed set of points of aq^^ with an integrable representation 
of sloo- 

~- — ~(Af),- 

6.1. Hopf algebras Z[SL^] and Z[SL^ ]. For N G Z>o, let SL^ be the proal- 
gebraic group (over Z) of matrices M = {Mij)ij^z satisfying the conditions: Mj^j = 1 
for all i, and Mjj = whenever i<j or i>j+N. We define a product of two 
such matrices as their usual product, in which all entries with i > j + N are set 

to be equal to 0. It is clear that this operation makes SL^ into a prounipotent 
proalgebraic group. Furthermore, we have natural surjective group homomorphisms 

'S'^IT^^^' SlI^^' . Let 

SL^ = lim . 

This is also a prounipotent proalgebraic group, which consists of all matrices M = 
(Mjj)jjgz, such that Mj^j = 1 for all i, and Mjj = for all i < j. 

The algebra Z[SL^] of regular functions on SL^ is by definition the algebra of 

polynomials in commuting variables Mjj, where i,jEZ,i> j. The algebra Z[SL^ ' ] 

~(iV)- 

of functions on SL^ is the algebra of polynomials in commuting variables M^j, 
where i,j £ Z and j < i < j + N . Both are Hopf algebras, with the comultiplication 
A given on the generators by the formula 

i 

(6.1) A(Mi,,) = Mi,k Mk,j. 

k=j 

The antipode S is an anti-automorphism given on the generators by the formula 

(6.2) S{M) = M-\ 

where M is the matrix M = {Mij)ij^z- Furthermore, the Hopf algebra Z[SL^] is the 

~(iV),- 

inductive limit of its Hopf subalgebras Z[SL^ ' ], N E Z>o. 
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Recall the isomorphism Rep^UgQl^ ~ Z[tj,„]^Jf^y, Rep^UgQl^ ~ ^['l^i,n]7=i,...,N- 
Define homomorphisms of polynomial algebras 



(6.3) 



(6.4) Z[SL^^^' 



Rep„f7g0[^, 
Rep^C/gSl^, 
Thus, in the case Rep„ UqQl^ we have 

/ 



M, 



(j € Z, i e Z>o), 



M 



1 

t2,i 





1 



^3,1+1 ^2,4+1 ^1,1+1 







1 



V 



where tjj G Rep^j f/gStoo corresponds to the i-th fundamental representation evaluated 
at aq^K In the case Rep„ UqQlj^ we have the same matrix M with all entries below the 
A^-th diagonal replaced by zero. 



Theorem 6.1. The maps ( \6.3^ and {6.4) are isomorphisms of Hopf algebras. More- 
over, we have a commutative diagram 



nsL 



gy'oo 



Rep„ UqQ{ 



N 



Proof. We only need to check the compatibility of the maps (^]^) , (|6.4D with the comul- 
tiplication. This follows immediately by comparison of formulas (|5.15|) and (|6.1|). □ 



6.2. The Hopf algebra Uis\-oo- this section we describe the Hopf algebra Uis\-oo 
and identify it as restricted dual to Z[5L(^] (and hence to Rep^ UqQl^). 

Let s[j^ be the Lie algebra of strictly lower triangular matrices of infinite size (with 
rows and columns both labeled by Z) with finitely many nonzero complex entries. 

Its completion consisting of arbitrary strictly lower triangular matrices is the Lie 

algebra of the complex version of the group SL^ . 

The Lie algebra sl^ is generated by fi (i £ Z), subject to the Serre relations: 

(6.5) [fu[fi,h±i]\=^ (^ez), [f^,fj]=^ (\i-j\>i). 

Define the root vectors /jj (i,j E Z, i > j) by the formula 

(6.6) Ai = [••• /i-2],/i-3], ...,/,]. 

In particular, = fi. The element fij corresponds to the matrix with the (i, j)th 

entry 1 and all other entries 0. The root vectors form a basis of st^, and we have the 
commutation relations 



(6.7) 



[fi,j, fk,l] = Sj,kfi,l - 5i,lfk 



•J- 
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The algebra Usl^ is by definition the universal enveloping algebra of Lie algebra s(^. 
Thus, it is an associative algebra over C generated by /j (i G Z), satisfying the relations 
(|6.5|). The algebra Usl^ is a cocommutative Hopf algebra with the comultiplication A 
and the antipode S given on the generators by 

A(/i) = /i®l + l®/i, S{fi) = -fi. 

Note that the root vectors are primitive, i.e., 

(6.8) A{f-j) = ® 1 + 1 fij, 5(/,j) = -hj. 

It is well known that the algebra Usl^ has an integral form generated by the divided 
powers /^^"^ = /f /n!. It is a Hopf algebra over Z which we denote by C/^sl^. Note that 

(n) _ 

the divided powers of the root vectors f-^j belong to Uzsi^. 

We fix the following order on the set of root vectors: fij >- fk^r^ li j > r or j = r 
and i > k. We have a PBW Z-basis in Uzsl'^, which consists of the ordered products 
of divided powers of the root vectors of the form 

^ ' ' n,il «2,i2 '■■ •'«m,jm' 

where fi^j^ y fi,_^,j,_^ (s = 2, . . . ,m). 

Now recall the Hopf algebra 7j[SL^] defined in the previous section. Fix the order 
on the generators Mij similar to the one in the case of Uzsl^. Namely, Mij >- M^^r, if 

j > r OT j = r and i > k. We have a Z-basis in 7j[SL^], which consists of monomials 
of the form 



where Mk^^r^ >- ^fc._i,r,_i (s = 2, . . . ,n). 

There is the following nondegenerate pairing 

Each element of Usl^ defines a differential operator on the group SL^. We then set 

(P,/) = (P •/)(!), 

where 1 denotes the unit element of SL^. 

It is straightforward to check that this pairing is compatible with the integral forms 
and that the Z-bases described above are dual to each other with respect to this pairing: 



(6-11) te!---4:;L'<,n---^.„) = i 



if m = n and it = h, jt = rt, st = pt {t = 1, . . . ,m), and the pairing of basis elements 
is zero otherwise. 

Lemma 6.2. The pairing (,) is a nondegenerate Hopf algebra pairing, i.e., for all 

oq], we have 

{f,TK) = (A(/),r0i^), {gf,T) = {g(^f,A{T)), {S{f),T) = {f, S{T)). 
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Proof. The verification of tlie first equality on the basis elements is straightforward 
using ( |6^ . 

If the second equality is true for f = hi and / = /i2 (and for all g £ Uzsl^) then it 
is also true for / = /ii/i2. Therefore it suffices to check the second equality in the case 
when / is one of the generators /». This is done by a direct computation using (6.7). 



The third equality now follows automatically, because if it exists, the antipode is 
unique. □ 

We call two vector spaces V, W restricted dual of each other, if we are given a pairing 
V W ^ C and linear bases {vi}i^i of V and {wi}i^i of W, labeled by the same set 
/, on which the pairing has the form Vi wj 6ij. In other words, the pairing is 
non-degenerate and the bases {vi}, {wi} are dual to each other. 

In this paper we always work with vector spaces which have graded components of 
finite rank, and all pairings respect the gradations. Then by the restricted dual space 
of V = ®iVi, where diml^ < oo, we understand V* := (BiV*. For instance, we have a 
Z~gradation on Usl^ defined by the formula deg /« = 1 for all i G Z, and a Z~gradation 

on C[S'Loq] defined by the formula deg Mi j = i — j for all i, j £ i > j. The above 
pairing respects these gradations. Therefore Lemma |6.2| implies that the Hopf algebras 

Usl^ and C[SL^] are restricted dual of each other. 



Remark 6.3. The topologically dual Hopf algebra of Usl^ (in the sense of [ GP2 ], Sec- 
tion 4. ID), is larger than C[SL^]. The reason is that the algebra Usl^ contains many 
primitive elements fij, so that the elements exp(Mjj) = exp(/*j) are group-like and 
therefore belong to the topological dual. □ 

Now suppose that V and W have integral forms Vz and Wi, which are free Z- 
modules with Z-bases dual to each other under the above pairing. Then we will say 
that Vz and Wz are (restricted) dual to each other. 

In our case C[SL^] has the integral form Z[SL^]. The corresponding dual integral 
form of Usl^ is its Z-subalgebra Uzsl'^. Formula ( |6.11 ) shows that the monomial 



Z-basis of Z[5L^] is dual to the PBW Z-basis of divided powers in Uzsl^^. Therefore 
the Hopf algebras Z[SL^] and Uzsl^ are dual to each other. 

6.3. Restriction operators. In this section we compare the restriction operators 
reSm on Rep„ UgQl^ with the operators of right multiplication by the products of the 

divided powers of the generators fi on 7j[SL^]. 

Lemma 6.4. For all g € Usi^, T G Rep^ UqQ[^, we have 

(6.12) (g/i,r) = (5,resi T). 

Moreover, if m has components ni > ■ ■ ■ > Us, and Ui occurs ki times, then 

(6.13) {gfm,T) = {g,ieSmT), 

where frr. = f^n'^ ...f^t^. 
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Proof. Note that (6.12) is a special case of ( |6.13D (actually, the two formulas are equiv- 
alent, but we prefer to prove ( 6.13| ), since we will need it in Section 11.2 in a different 
context). 

First we prove ( |6.13|) when T = tj^n- If s = 1, we obtain 



{9fi,tj,n) = {g^ fi, A(tj- „)) = (5 ® fi, ^ ij-fc,n O tk,n-j+k) 

k=0 

j 

= ''^^{g,tj-k,n){fi,tk,n-j+k) = Si,n-j+l{g,tj-l,n) = (ff, reSj tj,n). 
k=0 

For s > 2 we have 

reS^TT, tj^n) — — {g fmitj,n) ■ 

Now suppose that ( |6.13D is proved for T = Ti and T = T2. Then for T = T1T2, we 
obtain 

{g,veSm{TiT2)) 

= {g, ^ (resrrii ri)(resrrj2 ^2)) = (Ag, (res^i Ti) (res^a ^2)) 

m=miUm2 m=miUm2 

= {A{g) /"^i ® frr^2,Tl ® T2) = (A(<7/^), Ti ® T2) = {gf^, T1T2). 

m=miUm2 

This proves (|6.13| ) in general. □ 

The algebra Uzsi^ acts naturally on Z[SL^]. The above lemma shows that under the 

isomorphism Z[SL^] ~ Rep^^UgQl^ the generators f-"'-' of U^sl^ act as the operators 
i'6S(i,... where i is repeated n times. In particular, we obtain the following 

Theorem 6.5. The restriction operators res, satisfy the Serre relations, 

vesf resj+i — 2resj resj+i res, + resj+i res? = (i G Z), 

resj resj = resj res, {\i — j\ > 1). 

The space Rep„ UqQl^(dC, equipped with the action of the operators resj is a left Usl^- 
module, which is (restricted) dual to the free right Usl^-module with one generator. 

The categories of the right and left Usi^ modules are equivalent due to the existence 
of the antipode. Hence we will identify Rep„ f^gfl^oo ^ C with the restricted dual of a 
free left J/sl^-module with one generator. 

6.4. Integrable representations of stoo- We recall some facts about the Lie algebra 
sloo (see Q for details). It has generators Cj, hi, fi (i G Z), satisfying the standard 
relations. In particular, the Lie subalgebra of sfoo generated by fi {i G Z) is the Lie 
algebra sloo introduced in Section |6.2| . 

The weight lattice of stoo is spanned by the fundamental weights Wi {i G Z). It 
contains the root lattice spanned by Ui = 2wi — Wi-i — roj+i {i G Z). For weights A, 
we write \> fi \i X = 11 + niOj, where all Ui G Z>o. 
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Introduce the category of sloo~modules. Its objects are stoo-modules L on which 
the operators hi [i G Z) act diagonally, and the weights occurring in L are less than 
or equal to some fixed weight A. The morphisms in are stoo^homomorphisms. A 
representation L of stoo is called integrable if it belongs to and all generators Cj 
and fi act on L locally nilpotently. It is called a highest weight representation if it is 
generated by a vector v, such that ej • v = for alH G Z. 

The category of integrable representations of s(oo is semisimple. Irreducible inte- 
grable representations of stoo are the irreducible highest weight representations with 
the highest weights u = fj^jj, where Vi € Z>o for all i G Z, and i/j = for all but 
finitely many Vs. Such weights are called dominant integral weights. 

The irreducible representation corresponding to a dominant integral weight v = 
UiWi is generated by a vector Vi, such that 

^iVu = 0, hiVj, = i^iv^, fi'~^^Vi, = (i G Z). 

It is denoted by L{u). The number k = z^j is called the level of Since stoo is a 

Lie subalgebra of stoo, its universal enveloping algebra Usl^ acts on any stoo-module. 
In particular, we have a canonical surjective homomorphism of C/sl^-modules 

(6.14) pi^-.UsV:^^ L{u) g^g-Vi,. 

Level one representations L{wn) {n G Z) have the following explicit realization, due 
to Hayashi Q]. Consider the Fock space f\ with the basis of vectors |A) labeled by all 
partitions A. In order to describe the action of the generators Cj and fi in this basis, 
we need to introduce some terminology. We say that a box Bj^r can be removed from 
(resp., added to) the Young diagram A if removing this box from this diagram (resp., 
adding this box to this diagram) one obtains another Young diagram. We denote the 
partition corresponding to the new Young diagram by A \ (resp., A U 

Fix 71 G Z. Define the operators em, fm and hm on /\ by the following rules. Set 
Cm I A) equal — |A \ if the Young diagram of A contains a removable box Bi^j and 

m = n + j — i, and equal otherwise. Set /m|A) equal — |A U (i, j')) if box Bij 
can be added to the Young diagram of A and m = n + j — i, and equal otherwise. 
Finally, set /im|A) equal |A), if a box Bij with j — i = m — n can be added to the Young 
diagram of A, equal — |A), if a box with j — i = m — n can be removed from the 
Young diagram of A, and equal otherwise. 

Lemma 6.6 (@]). The operators Cm, fm o-nd hm define a representation o/stoo on /\ 
denoted by /\{wn)- Moreover, /\(tu„) ~ L(tu„). 

6.5. Evaluation modules and integrable modules. Recall that we have the evalu- 



ation homomorphism, eva ■ UqQlj^f UqQlj^j. Fix n G Z. By Lemma 4.7, eVaq2n induces 



an embedding 

(6.15) i(^)(n7„) : Rep C/.gl^ ^ Rep, U^qIj^, [Vx] ^ [Vx{aq^ni 

where Vx denotes the irreducible representation of C/gfltjy of highest weight A. By 
Lemma |5^, the embeddings (|6.15| ) stabilize and hence induce an embedding 

(6.16) i{TUn) : Rep UqQloo RePaUqQl^. 
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Recall from Theorem 6.1 and Lemma 3.2 that we have a pairing of Hopf algebras 

(, ) : Uzsl^ (S) Rep„ UgQl^ Z 



and that Rep^Ugglf^ is naturally a f/^slgo-module, which is restricted dual to Uzsl 
The following lemma is obtained from Lemma |4 



oo ■ 



Lemma 6.7. The Z-submodule i(ci7„)(Rep t/qflloo) C Rep^UgQloo is a right comodule 
o/ Rep^ C/gflloo and a Uzsl^-submodule of Kep^UgQl^. 

We now identify the Usl'^-module t(-a7„)(Rep C/gflloo) "X" C with the restricted dual 
of an integrable level 1 representation. 
Define the non-degenerate pairing 

(6.17) (, )n : l\{wn) ® (6(ro„)(Rep UgQi^) ® C) ^ C, 

by declaring the bases {|A)} and {[^6v('3^9^")]} to be dual to each other. 

Proposition 6.8. The Usl^-module ;,(tz7„)(Rep UgQloo)®C is restricted dual to L{tu„) 
with respect to the pairing ( |6.17| ). Furthermore, the embedding 

L{Wn) ■■ Rep UqQloQ Rcp^ UgQi^ (g) C 

is dual to the surjective Usl^-homomorphism 

Proof. We consider the case n = 0; all other cases are obtained by a shift of all indices. 
First, we check the formula 

(6.18) (/iX,y)o + (x,resiy)o = 0. 

For that, we compute explicitly the action of operators res^ on [VA(a)]. Recall that 
the content of the box Bi j is defined to be j — i. From the formula for the g-character 
of Vx{a) given in Lemma 4.7 we obtain that if the partition A has a removable box of 
content m, then 

TeSmVxia) = Vx\{ij){a). 

If the partition A has no removable boxes of content m, then res^ ^A(fi) = 0. Comparing 
this with the action of fm in /\(-n7o) (given by fm), we obtain formula ( |6.1^ ) . This proves 
the first statement of the proposition. 

Now we have the diagram of C/slJ^-modules and homomorphisms 

Rep UgQloo ® C Repa UgQl^o <2) C 



(:>0 



r r 



To complete the proof, we need to show that this diagram is commutative. Note that 
the vertical arrows are isomorphisms. Consider the homomorphism /\(tz7o)* ~^ (Usl'^)*, 
obtained by composing these isomorphisms with l{wo). Its dual sends 1 G Usl^ to the 
vector |0) G /\{wo). Such a homomorphism is unique, and hence coincides with p'^^. 
Therefore the above diagram is commutative. □ 
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Proposition |6^ implies that as a Rep^j C/ggtoo-comodule, t(ro„)(Rep C/^gloo) is an 
integral form of the restricted dual to the ?7s(^-module L{wn), which is preserved by 

Now we describe the integrable modules of higher levels k. Given a dominant integral 
weight u = set = This is an integrable module of sloo 

of level k = Yli^i- Denote the tensor product of the highest weight vectors of 
by |0)i/. This vector has weight v, which is the highest among all weights occurring in 
and satisfies: 

ei|0), = 0, /f+i|0), = (iGZ). 

Hence we have a homomorphism of stoo-modules : L{u) — > sending to |0),^. 

Since L{u) is irreducible, this homomorphism is injective. The semi-simplicity of the 
category of integrable s loo-modules implies the following 

Lemma 6.9. The irreducible module L{v) is a direct summand in which is equal 

to the cyclic U sl'^-suhmodule of /\{u) generated by 

Denote by the homomorphism Usl^ /Ki'^) obtained by composing given by 
formula (6.14) and 7^,. Lemma |6.9| means that the image of pi^ is a direct summand of 



/\{v>) isomorphic to L{v) 

Write u in the form X]j=i^Sj- Using Proposition 6^, we identify the restricted 



dual f\{u)* with (Rep UqQloo)^'^ C as [/slo^-modules. Denote by (,),^ the pairing 
/\{u) (g) (Rep UgQloo)^^ ^ C. 

According to formula ( ^.10| ), the map 

(6.19) i(i/) : (Rep [/^flloo)®'^ (8) C ^ Rep„ C/gflloo ® C, 

is a homomorphism of f/sl^-modules. The image of is spanned by all possible 
tensor products of k evaluation modules, evaluated at the points aq^^^ , . . . , aq^^'' . We 
denote the image of i.{v) by Rep^ f^qflloo- 

We have a diagram of C/st^-modules and f/sl^-homomorphisms 

(Rep UqQlooT^ ® C Rep, U,qI^ ® C 



AH* m 



Proposition 6.10. The above diagram is commutative. The image of the map l{v>) is 

a Usl^-submodule oflHep^UgQl^ (8) C isomorphic to the restricted dual of L{v). 

Proof. The first statement follows from the uniqueness of the homomorphism Usl^ — > 



f\{v) sending 1 to |0),^, as in the proof of Proposition 3^. The second statement follows 



from Lemma p. 9^. □ 



In particular. Proposition |6.1C implies that as a Rep, f/ggloo^comodule, the image of 



(Rep UqQloo)®^ under i{v) is an integral form of the restricted dual to the f/slo^-module 
L{y), which is preserved by J/zsl" 
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6.6. Combinatorial identity. A dominant A^-tuple of polynomials Q is called v- 
admissible if Q is the highest weight of a representation of the form 

Conjecture 1. The classes of irreducible representations V{Q) whose Drinfeld poly- 
nomials Q are v -admissible, form a basis in Rep^C/ggtoo- 

Clearly, Conjecture || holds for k = 1. In general, Conjecture |l| can be derived from 
results in representation theory of affine Hecke algebras (see, e.g., |BZ| , |Gr| ) via the 
quantum affine Schur duality functor CP4]. It would be interesting to give a direct 



proof. 

We end this section by describing a combinatorial corollary of Proposition |6.10 and 
Conjecture |^. 

Fix s = (si > • • • > Sfc = 0), such that Sj G Z. By definition, an s-diagram is a 
union of boxes (with multiplicities) which can be represented as a union of k Young 
diagrams where the i-th Young diagram is shifted in the horizontal direction by Sj. 

For example, let A; = 2, si = 1, and S2 = 0. Then the union of the Young diagrams 
of shapes (2, 1) (shifted by 1) and (3, 1) looks as follows: 



1 


2 


2 


1 


1 





Here the number inside each box shows its multiplicity. 

Note that the same diagram can be obtained as a union of two other Young diagrams 
corresponding to shapes (2,0) (shifted by 1) and (3,2). 

In the case k = 1, we obtain in this way the usual Young diagrams. If all Sj = 0, 
then we obtain the so-called plain partitions of magnitude k. 

Let Nn{s) be the number of distinct s-diagrams with n boxes and let the series 
XsiC) = Yl'^o be the corresponding generating function. 

Conjecture |^ and Proposition |6.1[1| imply that the function Xs(0 coincides with the 
character of the integrable stoo^niodule of weight Yli=i in the principal gradation. 



This character may be found, e.g., in [FKRW]. Therefore we obtain 



Lemma 6.11. Conjecture |^ implies that 

oo 

xs{o = ll(^-er' n (i-r-^^+^'-'). 

1=1 l<i<j<k 

It would be interesting to find a purely combinatorial proof of this identity. In the 
case of plane partitions (i.e., when all Sj = 0), such a proof is given in [| (our formula 
is obtained from formula in Section 429 of IM] by taking the limit /,m — > oo). 



^We thank I. Gessel for pointing out this reference to us. 
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7. Quantum algebras at roots of unity 

In this section we cohect information about the restricted speciahzations of the al- 
gebras UqSlN, UqQlj^, UgSlN, UgQlj^ to roots of Unity. In the case of UgSljy these results 
were obtained in |CP5| , [FM2(| . 

From now on we consider the algebras UgSiN, Uggli\i, UgSl^, UgQl]^ as defined over 
the field C{q) of rational functions in q. 

7.1. Restricted integral form of UgSi^- If ^ is an invertible element of a C(g)- 



algebra A, then we will denote by A^^\ 

A"- 



r € Z>o) the following elements of A: 

Aq^^' - A-^q^-^ 



n 

i=l 



Let Ug^^slN be the C[q,q -"^J-subalgebra of U^'^sIn generated by K- and X- 
= 0, 1 . . . , — 1, r G Z>o). We call Ug'^^slN the restricted integral form of UgSijq- 
We obtain from formula (^]^) the following formula for the comultiplication of divided 
powers in U^'^bIn'- 



3=0 

, N — 1, r ^>o)- Therefore we have: 



j=0 

r 



(i = 0,l, 



Lemma 7.1. The algebra Ug'^^sl^ is a Hopf subalgebra ofU^'^slN- 

We have the following description of the algebra U^'^^sIn in the "new" realization. 
Denote by Ug^^'^slN the C[g, g~^]-subalgebra of Ug'^'^slN generated by xf^^ (n € Z, 
1, . . . , iV - 1). Denote Ug^^'^slN the C[q, q'^] subalgebra of [/„^^"sU 



r G Z>o, I 
generated by k. 



±1 



,7i,n (i = l,...,iV-l, neZ, rGZ>o). 



Proposition 7.2 ([CPS], Proposition 6.1). We have the following embeddings: 



Moreover, the multiplication gives rise to the following isomorphism of vector spaces: 



(7.1) 

Note that 
by k^^ and 



kr 



€ U^'^^sIn and moreover. 



kr 



belongs to the algebra generated 



{i = l,... ,N -I, s,r £ Z>o, s < r). 
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By 0, §37.1.3, the braid group automorphisms 'B['^'^^ {i = 0,1, . . . , N - 1, j = 1,2) 
given by formulas (|2.2|), ( ^ ) preserve the integral form C/^'^'^stTv C UgSlN- 

The shift automorphisms r (see formula ( p.9D ) also preserve the integral form U^^^51n- 
Let U'g^'5lN be the C[g, g~ ^subalgebra of [/^"""sU generated by xf^*"^ (i = 

1, . . . , A^— 1, r G Z>o). It is also a Hopf subalgebra preserved by H^^'-'^ {i = 1, . . . ,N — 1, 

i = i,2). 



7.2. Restricted integral forms of UgQl^ and C/gStjv We define the restricted inte- 



gral form Ug'^^glj^f as the C[q,q ]-subalgebra of ?7g°™g[^ generated by t^ 



±1 

i ' 



1 



X4 ^ ' (z = 1, . . . , A^, n E Z, r € Z>o)- Note that this set is not minimal, for example 



Mr) 

Qi^n = 2, . . . , A^) can be expressed via other generators. 
Introduce the notation 



5i,(n) = gi,n/[n]q. 

Then the generators Qi^n may be replaced by {i = 1, . . . , N , n & Z \ 0) . 

We expect that the algebra U^'^^glj^ is a Hopf subalgebra of f/gfllAr, but we do not have 
a proof of this statement. Note, however, that U^^^qIj^ contains a "large" subalgebra 



isomorphic to Ug^^slM (8) C'^^ which is a Hopf algebra, see formula (|7.3|) . 



Next, we define C/;^*'^0[7v as the C[q,q ^]-subalgebra of U^'^qIj^ generated by T^^, 



X, 



±{r) 



{i = l,...,N,j = l,...,N-l,re 



Lemma 7.3. The algebra U^'^^qI]\j is a Hopf subalgebra of UgQl 



N- 



Proof. Since we already know that Ug^^sl^ is a Hopf algebra, it remains to show that 



the 



-subalgebra of C/oSIat generated by T- 



±1 



(i = 1, . . . ,N,re Z>o), is a 



Hopf subalgebra. 

Let A be an invertible element of some C(g)~Hopf algebra A such that A{A) = A^A. 



Then we claim that the C[q, q ^]-subalgebra of A generated by 



(r €Z>o) is 



a Hopf subalgebra. It is sufficient to check this for some algebra A with an element A, 
such that A^^ generate C(g)[A, G A. An example of such algebra is ^1 = Uq5l2 

with A = K. Then A( ^ ) is in {Ug°^5l2)'^'^ (because t/g'''^s[2 is a Hopf subalgebra) 

and in {C{q)[K^^])'^^ . Our claim follows then because the intersection of U^'^^5l2 and 

Ik 

C{q)[K^^] in C/qSl2 is precisely the C[g, g~-^]-subalgebra generated by K^^ and ^ 
(r G Z>o). □ 
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Denote by Uq ' gt^ the C[q, q ]-subalgebra of U^^^^Qlj^f generated by ^ {n £ 

V 



r G Z>o, i = l,...,N -1). Denote by C/^''°0^iv the Cfg, ^subalgebra of [/"''"fll 



generated by t 



±1 









r 




r 



, Qi,n ii = l,...,N, j = 1,...,N -l,neZ,r e Z>o). 



Using the defining relations of Section p.3|, we obtain 



(7.2) f5i,(n), = {±6i,j T 5»j+i)-|T-f X^(2;j^„^)'a:^|„+„^(a;?; 



m' 



where the right hand side belongs to Ug^^sl^ by Proposition 4.7 of |CP5(| . These 
relations, together with Proposition |7.2| , imply the following result. 



Lemma 7.4. The multiplication map gives rise to an isomorphism of vector spaces: 

Now we can specialize q to any non-zero complex number. Fix e € C^. Define the 
structure of a module over the ring C[q, q~^] on C by the formula 

p{q,Q~^) ■ c = pie,e~'^)c, p{q,q~'^) ^ C[q,q~'^], c G C. 

Denote this module by C^. Set 

We will use the same notation for the elements of the specialized algebras, e.g., we will 
write simply xf^^^ for xf^^^ (X) 1 G U^'^^Qljy. 

7.3. Small quantum afRne algebras. Denote by [/^"sIat the subalgebra of U^'^^sIn 
generated by kf^, hi^n and xf^, (i G 1, . . . , — 1 r G Z, n G Z). 

From the formulas for the isomorphism B given in Proposition 3.1 we obtain the 
following 

Lemma 7.5. In the Drinfeld-Jimbo realization, the algebra Uf^sli\i is isomorphic to 
the subalgebra of Up^slisf generated by Kf-^ and (i = 0, . . . , N — 1). 

Denote by C/f'^gljv the subalgebra of U^'^^gij^f generated by tf^, gi^n and x^^ {i G 

1, . . . , A^, j = 1, . . . , - 1, n G Z \ 0). We cah the algebras Uf'^slN and Uf'^gi^, small 
quantum affine algebras. 

If e is not a root of unity, then the algebras Uf^sii^ and Uf'^gi]^ coincide with U^'^^sIn 
and [/rgljv- 

Let e be a primitive root of unity (of order greater than 2) and let / be the smallest 
natural number with the property e^' = or, equivalently, [l]^ = 0. Then hiji = 
(resp. giji = 0) and {xf^^Y = (/c G Z, j G Z \ 0) in U^^'sIn (resp. C/f'^glAr). Moreover, 
U^'^sIn (resp. C/^gl^) is a specialization of the subalgebra of Ug^^slN (resp. Ug^^Qljy) 
generated by kf^, hi^n and xf^ (resp. tf^^ gi^n and xf^.), modulo these relations. 
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In particular, Uf'^slN and U^'^glj.^ inherit a Hopf algebra structure from U^'^^sIn and 
C/g^^gt^. However, we will not consider this Hopf algebra structure in our paper. 

Let U^^'qIn be the subalgebra of C/f" fltAr generated by Xf {i = 1, . . . , N - 1, 
j = l,...,N). 



7.4. Some maps. The maps of quantum algebras from Section 2.6 induce maps at 
the level of integral forms and their specializations. 

We have the following obvious embeddings of algebras: 

given by the "upper left corner" rule (the first map is defined in the new realization of 
We also have an embedding of algebras 

mapping X^^^^ to xflf'^ and T^^ to tf^ {i = 1, . . . , N; r ^ Z>o for the first map and 
r = for the second one). 

From formula (|2.12| ) we obtain an embedding of algebras 

(7.3) Ul'^^slN^e^^' ^U'g'^Qlj^, 

where C^^^ denotes the (central) subalgebra of U^'^^glj^ generated by the elements 

Cn,n € Z\0 defined by formula (f4.6D , and by Oi^i^f^- However, if e is a root of 
unity then there is no analogue (|2.13| ) at the level of restricted integral forms (due to 
the different choice of generators in the Cartan parts of the algebras). 
In addition, we obtain from ( |2.12| ) and ( 2.13 ) the embeddings 



(7.4) uf'^siN ^ efi° ^ t/^giTv, c^f'flt^ ^ f^f'stTv efi^ 

where C^"^ is the commutative algebra generated by X^^^ gi,n {n S Zj e^" / 1) and 
UtiU (i.e., efi'^ is the image of C in C/J'^'^gt^). In the second embedding we extend 
US^N by ky^" and by UZi ■ 

7.5. Evaluation homomorphism. Recall there is the evaluation algebra homomor- 
phism eva ■ UgQlj^j^ UqqI^ defined by the formula ( 2.101 ). In this section we show 



that eVa descends to a homomorphism of restricted specializations and of the small 
quantum algebras. 

Lemma 7.6. The image of J/^'^'^gljv C UqQ[]^ under eVa is equal to Ug^^glj^f, for any 
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Proof. The algebra Ug'^'^glj^j^ is generated by U^'^^sIn, Qi (u) and t- 



{i = l,...,N, 



r € Z>o). Moreover, by Theorem |3.10| , the evaluation map commutes with the embed- 
ding UqSlN UqQlj^. Therefore we can use formulas ( |2.6D to compute the evaluation 

map on Ug^^siiy- 

For i = 1, . . . , A^, j = 1, . . . , — 1, r G Z>o, we have 



eVa{xfP) = eVa{xf''^)=X; 



i ' 



) 



In particular, we obtain that the image of Ul'^^Ql^q under eva contains UI'^^qI 



Ti 
r 

N- 



In order to find eVaiX^ ), we use the presentation ( |2.7| ). We then obtain 



(7.5) e.,(x-(")) = (a-ig-irfir^i)"s^'^)s(--^^..sS,-:^)(x+L1). 

Therefore, the result is in Ug'^^glj^. 

Finally we prove that eVa{Qf{u)) G Ug^^Ql^. Note that the evaluation map commutes 

with the left upper corner restrictions to UqQljyj (M < N). Therefore, we are reduced 
to the case of UgQli. By formula ( ^.lOD , we obtain 



.R{+.2)/^-(n)^ 



eVa{ef{u)) = eVa{L^{u)) 



1 - (u/a) 



±1 



1 - (u/a) 



±1 



Therefore using formula (4.4) we find 

1 - (n/a)±i"-2^-i 



oo / i-1 ^=F(2j+2) 



ev, 



-2j 



7-(2i+2) 



(u/aq) 



±i 



(7.6) 



This completes the proof. 



E 

i=0 



1 
i 



□ 



Therefore we have a surjective homomorphism of algebras which we also denote by eVa- 

eVa : UrQlN ^ Urs^N- 

Similarly, we obtain a surjective homomorphism of algebras denoted in the same 
way: 



For a G C^, the shift automorphism defined by ( 2.11| ) also clearly induces an 
automorphism of C/J'^^g[^ which we also denote by r^. We have 



(7.7) Taim. 



a 9i. 



Tail 



t. 



±1 



/ ±(r)\ nr 3 



±(r) 



The same formulas with r = define the shift automorphism of U^^qIj^. 
In both cases, we have eVa o = evab- 
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8. Finite-dimensional representations and ^-characters at roots of 

UNITY 

From now on, we fix e to be a primitive root of unity of order s. We set / to be the 
order of (equivalently, the order of 2 in Z/sZ). Thus, 

s s is odd, 
s/2 s is even. 

Note the identities 

q^ = l, [11 = 0, {-e)' = -e'\ 

8.1. Finite-dimensional representations of U^^^sIn. According to the results of 
|CP5|, the classification of finite-dimensional representations of U^^^sIn is similar to 
that of UqSlN (presented in Section 4J.). We briefly review these results. 
A vector w in a C/J*^'^slAr -module W is called a vector of weight A, if 



Ki ■ w 



I 



w 



{X,ai) 
I 



1, 



iV- 1). 



A representation W of UqSl^ is said to be of type 1 if M/^ is the direct sum of its weight 
spaces W = (B\Wx, where W\ is the space of all vectors in W of weight A. 

A representation V of UI^^sIn is said to be of type 1 if is of type 1 as a module 
over UI^^sIn C UI'^^sIn- In what follows, we consider only finite-dimensional type 1 
representations. 

Let y be a representation of U^^sIn. A vector v (z V is called a highest weight 
vector if 

Ik- 

0, ?i^n ■ V = Pi^nV, h-V = e^^V, ' V = bi,rV 



+ (r) 



(i = 1, . . . , — 1, n G Z, r E Z>o), where Pi^n-, bi,r G C and /Uj G Z>o. A representation 
V is called a highest weight representation ii V = Up^siN ■ v, for some highest weight 
vector V. 

Every finite-dimensional irreducible representation V of U^°^51n of type 1 is a highest 
weight representation and 

n>0 j=l 

is a polynomial. In particular, the polynomials Pj^{u) determine the polynomials 



Pj (n) the numbers = degP^{u) and bi^. 



degP+(n) 



For any {N — l)-tuple 



P = (Pi(n), . . . ,Pjv_i(n)) of polynomials with constant term 1, there exists a unique 
representation of UI'^^sIn with such Drinfeld polynomials. It is denoted by V^(-P). 

For a G C^, the Drinfeld polynomials of the pullback t*{V^{P)) of K(P) by the 
shift automorphism are given by Pi{au) {i = \, . . . ,N — 1). 

We denote by Rep UJ^^sIn the Grothendieck ring of all finite-dimensional U^^^sIn 
modules of type 1. 
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8.2. Finite-dimensional representations of U^'^^qIj^. We introduce the notion of 
polynomial finite-dimensional representations of Up^glj^ analogous to the case of generic 



q presented in Section 4.2 



if 



A vector it; in a Up^Qlj^i-module W is called a vector of weight A = (Ai, . . . ,Xn) € 



w 





■ w = 


"a; 


w 


r 




r 


€ 



{i = l,...,N, rGZ>o). 



A representation W of C/J'^^gl^ is said to be of type 1 if it is the direct sum of its weight 
spaces W = (BxW\, where Wx is the space of all vectors in W of weight A. 

Let S^j^ be the category of finite-dimensional representations W of U^^qIj^j of type 
1, such that all weights A = (Ai,... ,Xn) occurring in W have non-negative integral 
components, i.e., Aj € Z>q for all i = 1,...,A^. The simple objects of category 3"^ 
are the irreducible representations with highest weights A = (Ai, . . . , Aat), where Ai > 
A2 > • • • > Aat > 0. We denote the corresponding Grothendieck ring by Rep UI^^qI^. 

Let 5"^ be the category of all finite-dimensional representations V of U^^^qI^, such 
that 

• the restriction of V to U^^^Ql]\f is in J'J^; 

• each generalized common eigenvalue of Qf{u) in Vx, where A = (Ai, ... , A^r), is a 
polynomial Tf{u) in u^^ of degree Aj, and the zeroes of the functions r^(u) and 
T^{u) coincide. 

We will call such representations polynomial. 

Let y be a representation of U^^^qI]^. A vector v V is called a highest weight 
vector if 



+('•) 



0, 



■ V 



Qi 



{i = 1, . . . , N , j = 1, . . . , N — 1, n £ Z, r £ Z>o), where Qi^n, bi,r ^ C and /ij € Z>o. A 
representation V is called a highest weight representation if y = U^^^qIj^ ■ v, for some 
highest weight vector v. UV is irreducible, then the polynomials Qi{u) := J2n>o Q^nu"^ 
are called the Drinfeld polynomials of V, and the A^-tuple Q = {Qi{u), . . . , Qn{u)) is 
called the highest weight of V. 

An A^-tuple Q of polynomials with constant terms 1, Q = {Qi{u),... jQ^iu)), is 
called dominant if the ratio Qi{u) / QiJ^i{ue^) (z = 1, . . . , — 1) is also a polynomial. 

Lemma 8.1. Every irreducible polynomial representation V of Up^glj^f is a highest 
weight representation and 

Q,(n) = J2 Qi,nv^ = - = 1, • • • , A^) 

n>0 jr=l 

is a polynomial such that {Qi{u), . . . , QAr(n)) is a dominant N -tuple. Then 



Qi,nu"' = Y[i'^ - "-j^fJ- Hi = degQi{u), bi^r 



n<0 



deg Qi{u) 
r 
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Moreover, for any dominant N -tuple Q = {Qi{u),... ,Qiyiu)) of polynomials with 
constant term 1, there exists a unique irreducible representation ofUl^^Qli^ with highest 
weight Q. 

Proof. This lemma is proved in exactly the same way as the corresponding statement 
in the U^^'^sIn case using the triangular decomposition of Lemma □ 

Let Rep Up^gl]\f be the Grothendieck group of the category 5"^. Since we have 
not shown that the comultiphcation on UgQlj^ maps C/^'^^gt^ to {Ug^^glj^f)^'^ , we do not 

immediately have a ring structure on Rep f/^^'^gl^. But we will define it by other means 
in Section |8.4 

One checks readily that the restriction of the irreducible polynomial representation of 
Up^gij^ corresponding to a dominant A^~tuple Q to Up^siN is the irreducible represen- 
tation of U^^^sIn with Pi{u) = Qi{uq^~^)/Qi+i{uq^^^). Therefore we have an analogue 
of Lemma Lj : 

Lemma 8.2. The restriction map Rep U^^^qI^ — > Rep U^'''^51n is surjective. 

8.3. The e— characters. The theory of e-characters for U^'^^q, where g is an untwisted 
affine Lie algebra (in particular, sIn), has been developed in | FM2 ]. Here we review 
this theory and extend it to the case of U^'^^qIj^. 

The definition of the e-characters is parallel to that in the case of generic q. Let 
y be a finite-dimensional L'^J'^'^s [at -module and let vi,...,Vm be a basis of common 

\k' 

generalized eigenvectors of ki, ^ 

the common eigenvalues of operators Vfiu) on each vector Vs are rational functions of 
the form 



,Tf{u). It follows from Lemma 3.1 of iFM2| that 



where aisk,bisr are some nonzero complex numbers. Moreover, kiVg 



and 



ki 




kis fis 


t 


Vs = 


t 



Vg. By definition, the e-character of V , denoted by Xe{^)i is an 

i=l,...,Af- 



element of the commutative ring of polynomials ^[^^^J^Jf^ Af-i' which is equal to 



m N-l 



h 



s=l i=l \k=l 



r=l 



The map 

Xe : Rep UgSlN ^ nyta]i=?^..,N-v M ^ X,{V), 
is an injective homomorphism of rings. Moreover, the image of Xe is given by 

i=l....,Af-l 



where we set Y]\f^a = ^o,a = 1 see ]FM2|] , Proposition 3.6. 
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Fix a G C^. Denote by Rep^j U^^^sIn the subring of Rep U^'^^sIn spanned by those 
representations whose g-characters are polynomials in Y^^i^2k~i = 1,...,A^ — 1, 
k = l...,l). 

The class of an irreducible module V is in Rep„ UgSl^ if and only if the roots of the 
Drinfeld polynomial Qi{u) are of the form g-«-2fc+i (j^ ^ {1,...,/}) or, equivalently, 
the highest weight monomial in Xe(^) is a monomial in Y^^^i+2k-\ {k E {1,...,/}). 
Moreover, we have the decomposition of rings 

Rep UrsiN ^ (g) Rep„ U^bIn. 

aeCx /e2Z 

where the tensor product is over the angle of bases of all lattices of the form {ae^^} in 

Similarly, let V € 3^n be a polynomial [/^''"'^gljv-module. Let wi, . . . , be a basis of 
common generalized eigenvectors of ti, , in V . Then the common generalized 
eigenvalues of Qf{u) on each vector Vg are polynomials 



fc=l 



Furthermore, we have: tiVs = e^^-^Vg, 



v.. 



Vs. 



By definition, the e-character of V, denoted again by Xe(^)i is an element of the 
ring of polynomials Z[Ai_a]"J^^ ^, given by the formula 

m N Xis 
s=l i=l k=l 

Using Lemma and the one-to-one correspondence between irreducible represen- 
tations and highest weight monomials, we obtain the following 



Lemma 8.3. The map 

Ji=l,...,Af' 

is injective. 



Xe : Rep U,Ql^ ^ Z[Ai,a]gf 1 v> [V] ^ Xg{V), 



Note that since we do not have a comultiplication structure in U^'^qI^, we cannot say 
that the map Xe is a ring homomorphism. Instead, we will prove that the image of the 
map Xe is closed under multiplication, and define the product structure on Rep Ui:QIj\j 
by taking the pullback of the product in Z[Ai^a]i=i n- 



Recall the homomorphism k, : Z[Ai,a]^f ^ ^[^^ £!.,iv-i defined by Q 
From formula (|4.5|) we obtain the following 



Lemma 8.4. Let V € 3"^ be a U^^^qIj^ -module with e-character XeiV)- Then the 
e-character of the restriction of V to U^^^sIn is equal to K^ixti^))- 
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A monomial m in Z[Aj.a]"J['^ ^ is called dominant if Ke{m) does not contain negative 
powers of Yi^a- 

Fix a G C^. Denote by Rep^ C/J^^gt^v the subspace of Rep U^^^qI^ spanned by 
all representations whose e-characters belong to '^[-^i ae'^*=]i=i' ''N- Thus, we have an 
injective map 



Rep, urQiN - z[A^,a.-]ti;;;.i- 

If V is an irreducible representation in the category 9"^, then [V] belongs to the subring 
Rep, U^^^gl]\f if and only if the highest weight monomial of y is a monomial in Aj ^^2k 
{k G {1, . . . ,1}). We have the decomposition of rings 

(8.1) Rep UrQiN^ (g) Rep.C/fVTV- 

The pullback with respect to the homomorphism T^/a (see formula (0)) gives rise to 
an isomorphism Rep, U^^^g^]^^ with Rep^ C/J'^'^gt^. Finally, it is clear from the definition 



that the homomorphism Xe is compatible with all embeddings discussed in Section 7.4. 



8.4. Specialization of representations. Let V be an irreducible finite-dimensional 
polynomial representation of UqQijy with highest weight vector v. Set 

The following lemma is proved in the same way as Lemma 4.6 (i) in [ CP6| . 
Lemma 8.5. V^^^ is a free C[q, q^^]-module of rank dimV. 
Denote by the specialization of y at g = e: 

The next lemma follows from the definitions. 

Lemma 8.6. is a polynomial representation o/C/J'^^gl^. Moreover, the e-character 
ofV^ is obtained from the q-character of V via replacing q by e. 

Set 

Then is a surjective ring homomorphism. We call Sjy the specialization map. 
We also denote by Sjy the specialization map at the level of the Grothendieck groups, 

S^v : Rep f/g^"^0[jv ^ Rep Ur^l^, 
sending \y] to [y^] for all irreducible V . 



The next lemma follows from Proposition 2.5 and Theorem 3.2 of [FM2] 
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Lemma 8.7. The specialization map : Rep C/^'^^gt^ — > Rep Up^glj^i is surjective. 
Moreover, S^(RepQ Uq^^Qlpf) = Rep„ Up^Qlj^ for any a G , and the following diagram 



is commutative: 



Sjv 



Rep^f/f'st^ ^[^*,ae2fe]j=i;;;;;lr- 

In particular, the image of Xe is closed under multiplication. We define the ring 
structure on Rep Ul^^Qi^^ by the formula 

(8.2) [V]-[W]=x;Hxe{V)xe{W)). 

In other words, we define the product structure on Rep U^^qI^ in such a way that 
Xe becomes a ring homomorphism. Then for any a G C^, the specialization map 
8^ : Rep^ UqQlj>^ Rep^ UI'^'^qIj^ is a surjective homomorphism of rings. We extend 



the ring structure on Rep^ U^^^glj^ to Rep U^'^^glj-^ using the decomposition ( |8.1| ). 
The weig ht lattice P = of gt^v 

carries the standard partial order. Namely, for 
i = 1, . . . , — 1, set aj = (0, . . . , 0, 1, —1,0, . . . , 0) , where 1 is in the ith place. Then 
for A, /I € P, we have A > /i if and only if A — /i = "'''-'^i> where rij > 

(i = 1,...,A^ — 1). This induces a partial order on the set of A^-tuples of polynomials 
with constant coefficient 1: we say that Q > Q' if (deg(5i)i=i,...,Ar > (deg (59i=i,... 



AT- 



Proposition 2.5 of | FM2 | implies that 



(8.3) [V{QY] = [V{QJ]+ mQ',Q^[V{Q% G Z>o, 

Q'<Q, 

where is obtained from Q by substituting q = e. Thus, in general the specialization 
of an irreducible module is not irreducible, but the corresponding decomposition matrix 
is triangular with respect to the above partial order. 

The following lemma shows that the specializations of the fundamental representa- 
tions Vi_j.{a) remain irreducible. 

Lemma 8.8. S^(K.,(a)) is an irreducible UI'^^qIj^ -module. 

Proof. It follows from the explicit formula for Xqi^LUi (o)) given in formula (|4.10D that the 
only dominant monomial in the specialized character Xe('S'A(Kji(o))) = Sjv(Xg(Kji(o))) 
is the highest weight monomial. □ 



From the isomorphisms (4.11), Lemma 8.7 and formula (^.3|) we obtain isomorphisms 



(8.4) Rep„ UrQlN ^ ^[K., {ae'')]^lti^ Rep Ure^N ^ ^[K.. (&)]g:.,;v 
Similarly, we have a map §/ : Rep U^'^^gl]^ Rep U^^^gl^. 
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8.5. Finite-dimensional representations of the small quantum afRne algebras. 

The finite-dimensional representations of U^^sIn are essentially classified in ||BK|] (see 
also [FM2|). We now recall this classification. 

A vector f in a U^^slN-module V is called a highest weight vector if 

<n^^ = 0' ^f{u)v = ^f{u)v {i = l,...,N -1, neZ), 

i^f^A ^ fprr,,±lll {-; — -[ AT _ ^\ Tf ^AA^+;r^^ \i — rz-fin; 



where ^-f (u) G C[[m=^1]] (i = 1, . . . , iV - 1). If in addition V = C/™sU • v, then V is 
called a highest weight representation with highest weight ^'^(u) = {^f{u))i!^^- 

We will say that a polynomial P{u) € C[n] is l-acyclic if it is not divisible by (1— an'), 
for all a G . In other words, the set of roots of an acyclic polynomial does not contain 
subsets of the form {a, ae^, . . . , ae^'~^}, a G . 

According to Theorem 2.6 of | FM2| , every irreducible finite-dimensional representa- 
tion of C/f"5[Ar is a highest weight representation. The irreducible finite-dimensional 
representation V with highest weight ^^{u) exists if and only ^'^(u) has the form 

I degPi -P»(^g ^) 

where Pi{u) is an Z-acyclic polynomial with constant term 1 (i = 1, . . . , A^). In this 
case all common generalized eigenvalues of {$j(n^^)} on V are of this form. 

The description of finite-dimensional representations of U^'^qIj.^ is obtained from the 
description of finite-dimensional representations of U^'^5l]\f using the decomposition 

Let 3^ be the category of all all finite-dimensional representations V of U^^qIj^, such 
that Tj = 1, . . . , N) act by semi-simple operators with eigenvalues in e^. We denote 
the corresponding Grothendieck group by Rep Uf^glj^. It is a finite abelian group 
spanned by [V^] with A = (Ai, . . . , Xn) such that < Aj — Aj+i < I {i = 1, . . . ,N) 
where Aat+i = 0. Since U^^glj^j^ is a Hopf algebra. Rep U^^glj^j^ is a ring. However, we 
will not use this structure. Instead we define a different multiplication on Rep ?7f°0[^ 
in Section |9.3| . ^ 

Let 3^ be the category of all finite-dimensional representation V of U^^gliy, such 
that V is in 3^ as a U^'^Qlj^f-module and all generalized eigenvalues of the series @f{u) 
are of the form 

(8.5) ^de,Q M^^'') 

Qi{ue) 

where Qi{u) are polynomials with constant term 1, such that Qi{u)/Qi^i{e^u) are 
/-acyclic polynomials. We call such representations polynomial. 

Let y be a representation of Uf'^Qljq. A vector v ^ V \s called a highest weight 
vector if 

<n-^ = 0' Qf{u)-v = Vtf{u)v (i = l,...,A, neZ), 

where ^f{u) G C[[u^"'^]]w. If an addition V = Uf'^Qljq ■ v, then V is called the highest 
weight representation with highest weight fl^{u) = {^^{u))i=i^,„^N- 

The next lemma is obtained from Theorem 2.6 of JFM2[ and decomposition ([7.^). 
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Lemma 8.9. Every irreducible polynomial representation V of U^^qIj^ is a highest 
weight representation. The irreducible finite- dimensional representation with a given 
highest weight Q,^{u) exists (and in this case is unique) if and only if Q.i{u) is of the 
form (p 



Let Rep Uf'^Qlj^ be the abelian group spanned by all polynomial representations of 
Uf'^Qi^. We will define a ring structure on Rep U^^qI^ in Section |9.3| . 

The restriction of an irreducible f7^'^'^0[;Y~'^6P'^6S6^tation is an irreducible [/^"^sIat- 



module. Similar to Lemma 4.4 we obtain 



Lemma 8.10. Any finite- dimensional representation ofU^^sliy may be obtained as the 
restriction of a polynomial representation of U^'^Qljy. 



9. Frobenius homomorphism 

Let e* = e'^. Then e* € {±1} and — e* = (— e)'. In this section we construct a ring 
homomorphism Fr* : Rep U^S^qIj^j Rep U^'^^qIj^. For this we need to introduce an 
auxihary algebra U^'^^qIj^, following G. Lusztig (see also [lFM2f| ). 



9.1. Definition of the Frobenius homomorphism. Let P = be the weight 
lattice of gljy- For A G P, let Ux be the quotient of U^^^qI]^ by the left ideal generated 

by 







"a; 








Xj ~ Aj+i 


r 




r 


•> 

e 


r 




r 



■N 



ti 



{i = 1, . . . , N , j = I, . . . , N - 1, r e Z>o). Let 1a G Ux be the image of 1 G C/, 
in Ux- The space Ux is a left C/^^®**£| [^-module. For g £ U^^^glj^f, we denote by glx the 
image of g in Ux- 
Set 

Ure^N = ®xepUx- 
This is a C-algebra with multiplication given by 



Ul, 



,iV. 



(^a./xIa, 

r G Z>o, n G 



Xi,n 1a 



lAitr 

), where Oi 



Mr) 



Qf{u)lx = lxQf{u) 



(0, . . . , 0, 1, -1, . . . , 0) G P with 1 at the 



{i = 1,... 
i-th. place. 

A representation of U^^^qIj^ is called unital if YlxeP ^A acts on it as the identity 
(note that the infinite sum Y^^^ Ix is a welldefined operator on any f/g'^^^gljv-module). 

Let y be a finite-dimensional unital representation of U^^^qIj-^- Then using the pro- 
jectors Ix, we obtain a decomposition V = ©asp^a- We define the Ul^Ql^-module 
structure on V by the rule g ■ v = glx ■ v for g G U^^^qI^, v G Vx- Conversely, if V 
is a type 1 finite-dimensional [/^'''^'^gljv^module, then we have the weight decomposition 
V = ©aspVa- Define the action of U^^^qIjsi on V by letting 1a act as the identity on 
Va and by zero on V^, fi ^ X. Hence we obtain the following lemma (cf. Q, §23.1.4): 
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Lemma 9.1. The category of finite- dimensional U^'^^ gl -modules of type 1 is equiva- 
lent to the category of finite- dimensional unital U^^^Qij^ -modules. 

A weight A G P = is called ^-admissible if Aj {i = 1, . . . ,N) are divisible by 
/. We denote the set of all /-admissible weights by Pi. For A G denote by X/l the 
weight {Xi/l, Xn/1)- 

Following Q, Theorem 35.1.9, we define a homomorphism 

Fr : iirslN - UIS'e^N 

as follows. Note that U^'^^qIj^ is generated by {xf^)^^'>l\ and Qf{u)lx or, equivalently, 

by (x± and (i = 1, . . . , iV, n G Z>o, r G Z, A G P). 

We set Pr((a;J^)("*)lA) = and Fr(5i_(^)lA) = if m is not divisible by / or if A Pi. 
For A G P;, we set 



(9.1) Fr((x±)H)l 



(x± (/ is odd). 



IS even 



(9.2) Fr(5i(.olA) = I, " 

^ ^ ^ ^ 1(-1) (^ IS even). 

Here and below we put a bar over the elements of the target algebra to avoid confusion. 
Set u* = —{—uy. Then for A G P/, we have 

Fr{Qf{u)lx) = Qf{u*)lx/i. 

Lemma 9.2. The map Fr extends to an algebra homomorphism. 

Proof. The restriction of Fr to U^^^sIm C U^^qIj^ coincides with the Frobenius homo- 



morphism U^'^^sIn — UlS^sljsf, as defined in Lemmas 4.6, 4.7 of |FM2|. The latter is 
an algebra homomorphism. It is also clear that the restriction of Fr to the subalgebra 
generated by the elements (7i^(,.)1a is a homomorphism. Thus, we need to check that 
the map Fr respects the relations between (7i^(n) and U^^sIn. 

We have bi,(n), (a^^J^""^] = (i = 2, . . . , - 1, s G Z, n G Z \ 0) and these relations 
are preserved by Fr: 

Fr(bi,(fco,^ti"'^]lA) = ±[5i,(fc),<i"^]lA = (i = 2, . . . ,iV - 1), 

where A G P;. Thus, it remains to check that Fr preserves the relations between gi^(r) 
and {xf^y^^ In particular, we are reduced to the case N = 2. 



So let N = 2. Due to the triangular decomposition of Lemma 7.4, the relations 
between gi^(r) and (xf^)^"^^ are generated by the relations (^). 
Let S be the automorphism of UI°^q12 defined by 

^i^tn^) = ^tnll^ S{9i,{n)) = 9L{n), S{ti) = ti, S 

{neZ,re Z>o, i = 1,2). 



( 


'ti 


> 


'ti 




r 




r 
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Suppose Fr is well defined. Then for odd /, the automorphism S commutes with Fr. 
For even I, we have Fro5(y) = (— l)"^ o Fr(y) for y € Up'^Ql2 of degree nl (n € Z), 
where the degree is defined by setting 



^^S{xtn^) = nr, deg{g^n)) 



n, 



deg(ti) = 0, deg 



0. 



Therefore, applying S, it is sufficient to consider only the specializations of the 
relations ( [7. 21 ) between gi^(r) and (x^q)^™) (for (xj~Q)(™) the proof is the same): 



For r S Z>o, n E Z, define A^^n inductively by 



n 



r—l,n- 



A 



0,n — 5 



It is shown in the proof of Proposition 4.7 in []CP5 | that -B^.n, ^r,n € U^^^^^sIn- Denote 
by B^^ and A^^ the images of B^^n and A^^n in U^^^sIn- Then we obtain from the 
identities (21), (22) of |CP5|: 



r-l 



^r— 1,71 



■^r—l,n 



s ir-l){r-s)( + \(s) 



•^1,1) '5'(i?^_<,_;^ „_ 



s=0 
r 



J]6(^-)^(x+o)(^-)yi:_l,„. 



s=l 



By induction on n, we obtain that Fr(i?^_^ ^Ix) = Fr:{A^_^ ^Ix) = if A ^ or r is 
not divisible by / or n is not divisible by /. For A £ we obtain 

Fr(P^,_i„,lA) = lBj._in^x/i, 
Fr(A^,_i,„,lA) = lAf_^^^lx/i 

(at the initial step of our induction, when n = 0, we have Bf. q = {r + 1)(x]'"q)(^"'"^) , so 
the above formulas obviously hold) . This concludes the proof of the lemma. □ 

The homomorphism Fr is called the quantum Frobenius homomorphism. It induces 
a map 

Fr* : Rep U'J'qI^ ^ Rep U^Q^n, 
which we call the Frobenius map. 



9.2. Properties of the Frobenius map. The Frobenius map Fr* as defined above 
clearly commutes with the left upper corner embeddings from Section 7.4. Therefore 
we have 
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Lemma 9.3. The following diagram is commutative: 

Fr* 
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Rep U'J^'qI 



N 



Rep [/f '^gl 



N 



Rep U'J'gl 



Fr* 



Rep C/f 



iV-l 



We also have 



Lemma 9.4. The map Fr* is a ring homomorphism. 



Proof. Let V, W be two {7^'^f'^g[;\r-modules. By Lemmas ^Jj and |8^, the eigenvalues of 
Qfiu) on V(SiW are products of their eigenvalues on V and W. Since the multiplication 
on Rep U^'^^Qlj^f is defined via the e~character homomorphism (see formula (|8.2| )), which 



records the generalized eigenvalues of Qf{u) 



1,... 



may be reformulated as follows: the eigenvalues of 
of their eigenvalues on V and W. 

Now observe that the eigenvalues of Qfiu) {i 



1, 



, N , the assertion of the lemma 
u) on Fr* {V ® W) are products 

, N) are completely determined 



by the eigenvalues of ^"(n) (z = 1, . . . , — 1) and Qf (it). 

According to |Q, §35.1.10, the restriction of the Frobenius homomorphism to U^^sl]\f 
is compatible with the operation of tensor products. Applying Lemmas 4.1 and S.C 
again, we obtain that the eigenvalues of "Pfiu) (i = 1, . . . , N — 1) satisfy the desired 
multiplicative property. 



Next, we obtain from formula ( |9.2D that the pullback of a generalized eigenspace 
of Qf{u) with eigenvalue Qf{u) is a generalized eigenspace of Qf{u) with eigenvalue 
Therefore the eigenvalues of Q^(u), also satisfy this property. This completes 



u 



the proof. 



□ 



Finally, we show that Frobenius and evaluation maps commute with each other. For 
a G C^, set a* = —(—a)'. In other words a* = a' if / is odd and a* = —a' if I is even. 

Lemma 9.5. The following diagram is commutative: 

Fr 



Rep [/,^?0[ 



Rep C/f 



N 



Rep U'J^'qI 



Fr* 



Af 



Rep C/f 



N 



Proof. The proof is similar to that of Lemma |9.4| . Namely, we first check the commu- 
tativity of this diagram with glj^ replaced by 5(Ar. It follows from formula ([T^ ) , using 
the fact that Frobenius map commutes with the braid group action (see |Q, §41.1.9). 
We also use the identities e' = e* for odd / and (— e)' = — e*. 

Second, we check commutativity of the analogous diagram for the generalized eigen- 
values of Qfiu) using formula (JTEi). Combining these results, we obtain the assertion 
of the lemma. □ 
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9.3. Probenius pullback modules. Let y be a C/J*^g[;^-module. The U^'^^glj^- 
module Fr*(y) is called the Frobenius pullback of V. 
Introduce the following notation 

j=0 

The monomial Aj^^ corresponds to the polynomial (1 — a}v}). 

Lemma 9.6. Let V be an irreducible representation of U^S^gljsf with Drinfeld polyno- 
mials Qi{u), i = 1,...,N. Then the i-th Drinfeld polynomial of Fr*{V) is equal to 
Qi{u*). Moreover, Xe(Fr*(y)) is obtained from Xe*i^) replacing A^^, with Kf'^ 



Proof. In the case of UI'^^bIn the statement of this lemma is proved in [ [FM2| ], Theorem 
5.7. This gives us the eigenvalues of yf{u) {i = 1,... ,N — 1) on Fr*{V). Next we 
compute the eigenvalues of Q^{u) using the definition of the Frobenius map. Combining 
these two results, we obtain the lemma. □ 

Corollary 9.7. Let V be a polynomial representation of UIS'^qIjsi. Then Fr*(y) is a 
polynomial representation of U^^^qIj^. 

For a dominant A^-tuple of polynomials Q, let and be the dominant A^-tuples 
of polynomials such that 

• Q.(n) = gO(u)Qi(n); 

• is /-acyclic; 

• Q] (u) / Qj_^_i{u) is a polynomial of 

(i = 1, . . . , A^), where we set Q^_^_i{u) = Ql^i{u) = 1. Clearly, for any dominant A-tuple 
Q, the A-tuples Q^, are uniquely determined. 

The next theorem follows from the corresponding result for U^^^sIn (see Theorem 



9.3 of |CP5| and Theorem 5.4 of |FM2|). 



Proposition 9.8. Let V{Q) be an irreducible U^'^^qIj^ module with Drinfeld polyno- 
mials Q. Then [V{Q)] = [V{Q'^)][V{Q^)] in Rep C/f^gl^v Moreover, V{Q^) is the 
Probenius pullback of an irreducible U^*^ -module, and V{Q^) is irreducible over 



In the case of U^'^^sl^, Proposition |9.8| is true at the level of the category of repre- 
sentations. In the case of UI^^qIj^, it is probably also true at the categorical level. We 
state it at the level of Grothendieck rings due to the lack of comultiplication structure 
on C7f '^st 



N- 



Using Proposition 9.8, we obtain a natural isomorphism of modules over Z, 



Rep U^glj^ ~ Rep U'J'glj^ ® Rep Uf'^glj^, 



and therefore the identification 

rfin 



Rep C/rsW - Rep i7r0[^/(Rep U'J'qIj^)+, 

where (Rep ?7Jf'^g[^)+ denotes the augmentation ideal of Rep U^f^glj^. The Frobenius 
map Fr* : Rep f/^fgljv — > Rep ^7e^**0^^r is an injective ring homomorphism. Therefore 
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we have a natural ring structure on the quotient Rep C/J*^''g[^/(Rep f/^''^'^g(^)+. We cah 
the induced multiphcation on Rep Uf^glj^ the factorized tensor product. 
Similarly, we use 

Rep U^qIn ^ Rep U'J'e^ ® Rep Uf^glj^ 
to define the factorized tensor product structure on Rep C/f'^gt^. 

10. Hall algebras 

In this section we describe the Hall algebras of the cyclic quivers and the infinite linear 
quiver, and their properties. Most of this can be found in |R^ VV , ph| . However, we 



only need a special case of the Hall algebra, namely, its specialization at g = 1 (in the 
notation of [Q). In this case all the facts we need become quite elementary. Because 
of that we give a short self-contained introduction to Hall algebras in this special case, 
with the emphasis on the integral forms of these Hall algebras. Thus, this section may 
be read independently of the rest of this paper. 

10.1. Definition of the Hall bialgebra. Let A he a quiver, i.e., a directed graph. 
We denote by V and £ the sets of vertices and edges of A. We will concentrate on 
two cases: A = A^^^ and A = A^o- For A^^\ we have V = {vq,vi, . . . ,vi-i}, £ = 
{{vo,vi), {vi,V2), . . . , {vi-i,vo)}. For A^o, we have V = {vi,i G Z}, £ = {{vi,Vi+i),i G 
Z}. Therefore A^^^ is the cyclic quiver with / vertices and A^o is the infinite linear 
quiver. 

An A-set is by definition a finite set S together with a decomposition S = U^^ySv and 
a collection of maps {es}ee^- We call the set the fiber of S over v. For e = (w, tt;) G £ 
the corresponding map es maps 5^ to 5^ U {0} in such a way that the preimage of 
t E Sw has at most one element: ^{e^^t) < 1. When no confusion may arise, we denote 
es simply by e. 

Two yi-sets S,L are called equivalent if there exist bijections : Sy ^ L^, v & V, 
intertwining the maps e = {v,w) £ £.: e o b^ = b^ o e. We then write 5 ~ L. 

An equivalence class of yi-sets can be represented by the following picture. We draw 
the graph A, then we position the elements of the fibers over the corresponding 
vertices and finally connect the elements Sy and of fibers Sy and 5^ by an edge 
whenever e{sy) = s^. 

Here is an example in the case when A = A^ 



• • • 

• • • 

— ^ 1 — > 2 



We call the connected components of this picture snakes. 

An A-set is called nilpotent if none of the snakes in it is a loop. Then each snake has 
a tail (the vertex in A which is the projection of the first element in the snake), a head 
(the projection of the last element) and the length (number of edges). In the example 
above we have two snakes of length 2 with tails at 0, one snake of length 1 with tail at 
2 and two snakes of length with tails at and 3. 
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We say that L is an yi-subset of an A-set S, if all maps 65, e G £, preserve L, i.e., 
es{L) C (-L U 0). In this case L is clearly an A-set itself and we simply write L C S. 
The quotient ^l-set S/L is the set 5 \ L and for s G 5 \ L, such that es{s) = t we let 
^S/l{s) = t ii t ^ L, and we let es/L{s) = otherwise. 

In other words, snakes of an yi-subset L oi S are subsets of some snakes of S, such 
that all heads of snakes of L arc also heads of snakes of S. Then the snakes of S/L are 
complimentary parts of the snakes of L; in particular all tails of snakes of S/L are tails 
of snakes in S. Snakes in S go to snakes either in L or in S/L and some snakes in S 
get "cut" into two snakes, one in L and one in S/L. 

We say that S* = K©L if both L and K arc ^l-subscts of S and L ~ S/K, K ~ S/L. 
In this case the snakes of S are divided into two groups between L and K, and no cutting 
occurs. 

Let H = H{A) be the set of equivalence classes of nilpotcnt yi-scts. Let "K = 'K{A) 
be the free Z-module with a set of generators labeled by elements of H. Abusing 
terminology, we call the generators yi-sets and denote them in the same way as the 
corresponding yi-sets. In particular, the empty set corresponds to the unit element of 
•K. 

We extend the operation of the direct sum on if to 3i by linearity. 
For yi-sets K,L e H, define their product by the formula 

miK,L) = K-L=Y,9K,LS, g^L = m ^ S, M^K, S/Mc^L}. 
Sen 

For an ^l-set S E H, define its comultiplication by 

A{S)= K®L. 

K,LeH, S~K®L 

We extend both m and A to !K by linearity. 

Lemma 10.1. m. A) is a cocommutative bialgebra. 

Proof. Associativity, coassociativity and cocommutativity are clear. Wc only have to 
check that comultiplication is the algebra homomorphism, A{K ■ L) = A(i^)A(L). 

Note that if S, Si, S2 are ^l-sets, then the element Si (g) S2 is present in A (5) if and 
only if S* = 5*1 © S'2. Clearly, Si © S2 is present in A(K)A{L) if and only if Si © 5*2 is 
present in K ■ L. Moreover, the equality of corresponding coefficients follows from the 
binomial identity 




Wc show later that in the cases of Aq^ and , the bialgebra admits an antipodc 
and is therefore a Hopf algebra. So in what follows we use the term Hopf algebra rather 
than bialgebra. 

The Hall algebra !K has a natural Z>Q-gradation. Namely, for S ^ H,we set dcg S = 
(#'S'i.)i.eV- Clearly, this grading is compatible with multiplication and comultiplication. 

For d G we denote by fa the only A-set of degree d all snakes of which have 
length 0. 
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10.2. The Hall algebra associated to Aoq. Let 'Koo be the Hall algebra correspond- 

(7) 

ing to AoQ. Recall that the vertices of A^q are labeled by Z. We write simply for 
the element fd with d = (. . . , 0, 0, j, 0, 0, . . . ), where j is put at the i-th. place. We 

obviously have j!//"'^ = // • 

Lemma 10.2. There exists an isomorphism of Hopf algebras 

Proof. Consider the homomorphism Usl^ 'Koo ® C sending the generators fi,i €z Z 
to /j. The verification of the Serre relations is straightforward, so this homomorphism is 
welldefined. Moreover, it is clearly compatible with comultiplication on the generators 
of Usl^. Therefore it is a homomorphism of Hopf algebras. 

Note that the image of root vectors fi^k, i > k (see (|6^)) is a single snake of length 
i ~ k — 1 with head at i — 1 and tail at k. Also note that if K, L are two ^l-sets such 
that all heads of L are located to the right of all heads of L, then K ■ L = K ® L. 
Therefore, the image of an element of the PBW Z-basis ( |6.9| ) of products of divided 
powers is an ^l-set consisting of snakes corresponding to elements fi^^j^- It follows that 
the map in the lemma is surjective and injective. □ 



Note that in fact we proved that the PBW Z-basis (|6.9| ) corresponds to the Z-basis 
of yi-sets in JCqo. 

10.3. The Hall algebra associated to Af'\ Let Jf/ be the Hall algebra correspond- 
ing to Af^ . RecaU that we label the vertices of A^j^^ by 0, 1, — 1. We write simply 

for fd where d = (0, . . . , 0, j, 0, . . . , 0) and j is in place i. We also write Xj for fd, 
where d = (i, i, . . . , i), i > 0. 

Let U be the Z-subalgebra of !K; generated by /^■'^ (i = 0, — 1, j € Z>o) and 
let W be the Z-subalgebra of "Ki generated by Xi {i € Z>o). 

The subalgebra U \s a Hopf subalgebra of IK;, but the algebra W is not. The algebra 
W is clearly commutative. We will prove that W = Z[a;j]igz^Q. 

Let 5(; be the Lie algebra generated by (i = 0, . . . , / — 1) subject to the Serre 
relations 

[/i> [/»>/?■]]= {hj are adjacent in ^p^), 

[/i)/j] = are not adjacent in A^^'^). 

The universal enveloping algebra Usii is a cocommutative Hopf algebra generated by 
fi (i = 0, — 1) with comultiplication given by 

A(/i) = /i®l + l®/i. 

S{f^) = -f^■ 

orm Uzsli ge 

(i = 0, — l;j G Z>o), which is a Hopf Z-subalgebra of C/sI; . We have a surjective 



and the antipode 



The algebra Usli has an integral form Uzsli generated by the divided powers /• 



66 



EDWARD FRENKEL AND EVGENY MUKHIN 



homomorphism of Hopf algebras Uzsli U C 'Ki mapping 

fi to fr- We will prove 

that this homomorphism is an isomorphism. 

Let £j be the Z-subalgebra of !Ki generated by /^■'^ (z = 0, — 1, j G Z>o) and 
Xj (j G Z>o). We will prove that in fact XL = Jf/. 

Lemma 10.3. The Hall algebra 'Hi is generated by the elements fa (d G Z>oj- 

Proof. Define a partial order on the set of all A-sets. Let K, L be ^l-sets with snakes 
of lengths ai > 02 > • • • > Ofc and 61 > 62 > • • • We say K > L if ai > 61 or oi = 61, 
02 > ^2 or ai = 61, 02 = 62, 03 > 63, etc. 

Let the head of the longest snake of K be located at 1 and oi > 1. Let we have m 
snakes of length oi with heads at 1. Let K' be the same as K except that all m longest 
snakes with heads at 1 are cut into two snakes of length ai — 1 and length (the zero 
length snakes are at 1). Then K > K' . 

We have 

ft'^K' = K + ..., 

where the dots stand for the terms smaller than K. Therefore, every A-set can be 
reduced to product of A-sets which have only snakes of length 0. □ 

Lemma 10.4. The Hall algebra "Ki is generated by (i = 0,1 . . . ,1 — 1, j Z>oJ 
and Xj (j € Z>oJ; i-^-, Hi = L. 

Proof. By Lemma |10.3 , it is sufficient to express fa in terms of fi and Xj. The set 



Z^g = Zf^Q has a natural partial order: di > d2 if all components of di are greater 
than or equal to the corresponding components of (^2- 

Note that the homogeneous component of Hi of degree d is generated by f^i with 
d' < d. 

Fix d and suppose fd 7^ xj. Then without loss of generality we may assume that 
di > do and that f^' G XL for all d' < d. Then it is sufficient to show that fd & ^■ 

In particular our assumption implies that all ^l-sets of degree d' < d are in XL. 

For s = 1, . . . , do, denote the ^l-set of degree d which has s snakes of length 1 
with tails at 1 and all other snakes are 0. Let y'g be the ^l-set of degree do, s,d2, d^, . . . 
which has s snakes of length 1 with head at 1 and all other snakes of length 0. We note 
that by our assumption G XL and compute 

do 



fi 'ys = ys+ 2^ aisyi, 



i=s+l 

for some nonnegative integers Oig. Therefore € XL. In particular yo = /d is in XL. □ 

Lemma 10.5. The multiplication map U ®W ^ Hi is surjective. 

Proof. We need to show that elements of the form uw, where u U and w £ W, 
span Hi over Z. We denote the span of elements of this form by U ■ W. Because of 



(i) 

Lemma |10.4| , it suffices to show that all products Xnfj belong to U ■ W. The Hall 



algebra Hi has an automorphism induced by the rotation of the quiver a\^\ This 
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automorphism sends /j*^ to fj^^i and Xn to itself. Therefore we only need to show that 

Xnfi^ € U -W for all i € Z>o, n G Z>o. We will show this by induction on n. For n = 
the statement is trivial. We will prove the induction step by another induction on i. 

Let d = {n,n + i,n,n, . . . be the degree of Xnfi^ ■ By our assumptions all ^l-sets of 
degree smaller then d are in U ■ W. Then following the proof of Lemma 10.4 we obtain 
that fd€U-W. 

Let Us, s = 0, . . . ,n he the Tl-sets of degree d which have s snakes of length 1 with 
head at 2 and all other snakes of lengths 0. Then Xnfi is a linear combination of ys 
and it is enough to prove that ys U • W . 

Let y'g be be the ^l-sets of degree {n,n + i,n — s,n,n, . . .) with all snakes of length 
0. We have y'sGU CU -W. 

We compute 

s-l 

tf^'s = ys + Y^ ajsyj 

j=0 

for some nonnegative integers ajg. We already showed that t/q = fd is in U -W, therefore 
by induction on s all ys are in U -W. □ 



Lemma 10.6. The map Uzsli (8) Z[xj]jg2^o ~^ 'is an isomorphism of Z -modules. 

Proof. We have already proved that this map is surjective. Hence it is sufficient to 
compare (graded) ranks of both Z-modules. 

For an ^l-set S of degree d define the total degree by the formula dp + + • • • + . 

Set the degree of each G Usli to be 1 and the degree of Xi to be li. Then the 
map in lemma is degree preserving. Moreover, the homogeneous Z-modules of a given 

degree d, {'Kn)d, {Usii )d and (Z[xi]jgz>o)d) all have finite rank, so we compute the 
corresponding formal characters: 



oo oo ^ 

ch(:K.)(e) := Y.^^iU' = T{k^v 



d=0 
oo 



oo ^ 

ch(ZN.ez>o)(e) := ^(Z[x.kz>oU'^ = n (i_.nn ' 

n=l ^ ^ 



d=0 

oo oo ^ni-. 



d=0 n=l ^ ^ ' 

The first two formulas are obvious and (the complexification of) the last one is well- 
known (e.g., it follows from Lemma 14.2). Therefore the lemma follows. □ 

10.4. The center of the Hall algebra associated to A^j^\ For i G Z>0) let Zi G !K; 

be the sum of / distinct yi-sets which consist of a single snake of length li — 1. The 
degree of Zi is {i,i, . . . , i) and 

Mzi) = Zi(^l + l® Zi. 



68 



EDWARD FRENKEL AND EVGENY MUKHIN 




Let Pi £ 3f/ be the sum of distinct A-sets which consist of i snakes of length I — 1. 
We set po = 1. Then the degree of pi is . . . ,i) and we have 

i 

^{Pi) = ^Pi-j- 
j=0 

Lemma 10.7. We have the identity of formal power series in u: 

oo 1 oo 

(10.1) E^"(-< = -E^i^'/-?' 

n=0 \ i=l 

Proof. The following formula is checked by direct computation: 

s 

(10.2) {s + l)p,+i = Y,i-^fPs-i^i+i- 

1=0 

It follows that 

oo 

Y,{s + i)ps+i{-uy = 

s=0 \j=0 

The lemma is obtained by integrating this identity. □ 

Denote by Zi the Z-algebra generated by pi {i G Z>o). The proof of the following 
lemma is straightforward using the identity ( |10.2| ). 

Lemma 10.8. The algebra Zi is a commutative and cocommutative polynomial Hopf 
algebra "Zlpiji^z^o which contains Zj {j G Z>o). Moreover, Zi is in the center ofKi. 

Proposition 10.9. We have the following tensor product decomposition of Hopf alge- 
bras over Z(;) 

(10.3) J{i (g) Z(n ~ {UzSli (g) Zi) (g) Zny 

Proof. Denote by B the Hopf algebra appearing in the right hand side of this formula. 
It is sufficient to prove that each Xi belongs to B. We will do it by induction on i. 
Suppose that xj G B for all j < i. Then in particular all yi-sets of degree (do, di, . . .) 
such that dj < i and this inequality is not an equality for at least one vertex belong to 
B. 

Let Dj^s (j = 0, . . . , Z — 1, s = 0, — 1) be the yi-set of the same degree as Xi which 
has i snakes of length s with tail at j with all other snakes of length 0. In particular, 
we have yj^ = xi. 

First we claim that for all j, s > we have yj^s = bsyj,s+i + • • • for some integers bg 
(here and below the dots denote terms in in B). Indeed, let yj^s,t where t = 0, . . . , i, be 
the A-set of the same degree as Xi which has the following snakes of positive length: t 
snakes of length s + 1 and i — t snakes of of length s all with tails at j. Let y'j ^ ^ be 



THE HOPF ALGEBRA Rep U^gl^ 



69 



the yi-set obtained from yj^s,t obtaining by removing all snakes of length at vertex 
j + s + 1. We have y'j ^ ^ e B if t < i. Now we compute 

yj,s,tJj+s+i ~ yj,s,t "T 2^ (i,jstpyj,s,p, 
p>t 

for some nonnegative integers ajstp- Therefore we can compute yj^s = yj,s,o via yj,s+i = 
yj,s,i modulo terms in B and the claim follows. 

Thus, we have Ixi = a X]j=o + - • • fo'^ some integer a. Consider z = pi & Zi C B. 
In particular, the degree of z is the same as the degree of Xj. To complete the proof it 
is sufficient to show that z — Yl\^o yj,l-i ™ ^■ 

The difference z — X^j=o yj,l-i is ^ sum of ^l-sets with positive integer coefficients. 
Each such A-set y has i snakes of length l — l. Moreover, not all of the snakes of y have 
the same tail. Suppose that y has exactly s snakes with tail at 0. Then we can write 
y = yo ® y' where yo has exactly s snakes of length l — l with tail at 0. In particular 
yo,y' G B. Note that no snake of y' has a head at Z — 1. Therefore we have y = yoy' G B. 
This completes the proof. □ 

Note that since the center of the algebra Uzsli is spanned by the unit element, Zi 
is the center of "Ki . 

Also note that a linear combination of yi-sets consisting of a single snake of length 
li — 1 with the sum of all coefficients equal to zero is necessarily in Uzsli . 

10.5. The unwinding map. For n G Z>o, let C JCqo be the Z-submodule spanned 
by all yi-sets of degree d, such that c/j = if \i\ < n. Each Fn may be identified with a 
quotient of Jfoo, and we have natural surjective homomorphisms Fn+i ~^ Fn- Let "Kao 
be the inverse limit of the projective system {Fn}n>o- Then "K^o is a Hopf algebra, and 
"Koo is its Hopf subalgebra. 

For each d G Z>q and p ^ we define d{p) G Z>q by the formulas = dj 

(i = 0, ... ,/-!), and d{p)k = if A; + I,-- - + Z - !}• 

Lemma 10.10. There exists a unique embedding of Hopf algebras 

w : Oil ^ ^oo, /d 1-^ ^ fd(kl), 

which commutes with the operation of taking direct sum, i.e., w{K®L) = w{K)®w{L). 

Proof. Injectivity and compatibility with comultiplication is clear. We only have to 

show the equality w{K ■ L) = w{K)w{L). It is readily seen by induction on the number 
of snakes in the A-set K. Indeed, suppose K has a snake of length I and head s. Then 
the coefficient of some M in product K ■ L can be computed in the following way. 

Denote by S^.k the snake of length k with the head s. First, we fix the length a > / of 
the snake in M with head s, such that its complement of S" is a snake in L. We set M'{a), 
K', L'{a) be such that M'{a) Ss,a = M, K'e Ss,i = K and L'{a) Ss-i-i,a-i-i = L. 

Then the coefficient of M in if • L is kaQ^i ^i)(^a) ' "^^^^^ is the number of snakes 
in M equivalent to Sg^a- 
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Now consider a term in w{M). There are ka ways to represent it in the form (a term 
in w{M' {a)))®{si term of w{Ss^a))- Each such yi-set wih give the contribution g'^, ^^/^^^ 
to the coefficient of M in • L, by the induction hypothesis. □ 

We refer to the map w as the unwinding map. 

10.6. Hopf algebras ] and Z[GL; ^' ]. By Lemma the algebra 3ioo — 

UzsV^ is (restricted) dual to the polynomial algebra l^SL^ generated by the entries 
of a lower triangular matrix M. It is clear that the non-degenerate pairing between ^Kqo 

and TjISL^ may be extended to a non-degenerate pairing between !Koo and Z[5Lq^]. 
Now we use the unwinding map to find a realization of the Hopf algebra dual to "Ki. 
The algebra "Ki is a subalgebra in JCqo, so the dual algebra is a quotient of I^ISL^. 



For N € Z>o, let GLi be the proalgebraic group of matrices M = {Mij)ij^z 
satisfying the conditions Mj^j = 1 for all i, Mij = whenever i<j or i>j + N, and 
Mi^ij-f-i = Mi J. We define a product of two such matrices as their usual product, in 
which all entries with i > j + N are set to be equal to 0. It is clear that this 

— (Af),- 

operation makes GLi into a prounipotent proalgebraic group over Z. Furthermore, 
we have natural surjective group homomorphisms GLi ' GLi ' . Let 

(N),- 

GLi =lim GL] 

This is also a prounipotent proalgebraic group of /-periodic matrices M = {Mi^j)ij^i, 
such that Mi^i = 1 for all i, Mij = for all i < j, and Mi^ij^i = Mi_j. 

(N),- ' (N),- 

The algebra Z[GL; ] of regular functions on GLi is by definition the algebra 
of commutative polynomials in variables Mjj G Z;z > j) subject to the relations 

Mj^i^i^i = Mj^i. The algebra Z[GL; ] of functions on GLi is by definition the algebra 
of polynomials in commuting variables Mij {i,j G Z;i > j) subject to the relations 
Mj+i,i+i = Mj^i. 

Both are Hopf algebras, with the comultiplication A and the antipode S given by 
the formulas (p.l|) and (|6.2D. Furthermore, Hopf algebra Z[GLj ] is the inductive limit 



'{N),- 

of its Hopf subalgebras Z[G-L; ] (A^ G Z>o). 

We have the surjective homomorphisms of Hopf algebras 

w*:Z[SLj ^ nGL^], Mi^j^M.j (i, j G Z). 
Recall the unwinding homomorphism w of Hopf algebras given by Lemma 10.10| . 



Proposition 10.11. The pairing ofKoo and7j[SL^] induces a non- degenerate pairing 
of bialgebras "Ki and 'L\GLi ] with respect to which the maps w and w* are dual to each 
other. The monomial basis in the polynomial ring Z[G-L; ] is dual to the basis of A-sets 
in under this pairing, so that "Ki and TJ\GLi ] are restricted dual of each other. 

Proof. The elements Mj_|_;j_|_; — Mjj- are clearly orthogonal to 'Ki. Now the lemma 
follows by dimension counting. Namely, we set the degree of Mjj- to be i — j. The 
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pairing clearly respects degrees, and the dimensions of the corresponding homogeneous 
components are equal. □ 

We call the map w* the winding map. 

In particular, we obtain an antipode in Oii from the antipode in Z[GL; ]. 

Remark 10.12. Let A denote the quiver A^o or A^^\ Call an ^l-set N-nilpotent if it 
contains no snakes of length greater than N. Denote by H^^^ the set of all A^-nilpotent 
yi-sets. The vector space ?{(^) spanned by ii'(^) is a Hopf algebra with multiplication 
and comultiplication defined by the formulas 

K-L= ^ A{S)= Yl 

SeH^ K,LeHW,S=K®L 

Moreover, we have an obvious surjective homomorphism of Hopf algebras 

with the kernel spanned by all A-sets which have a snake of length N + 1. 

The non-degenerate pairing between the Hall algebra IKqo (resp., %{) and Z[S'L(^] 
(resp., 1j[GLi ]) gives rise to non-degenerate Hopf algebra pairings 

10.7. The groups SLi and Z,'^ . Wc realize the group GL; as a subgroup of loop 

group of GLi as follows. For a ring i?, the group of i?-points of GLi is the group of Z x Z 
matrices with coefficients in i?[[it~^]] such that the constant part is a lower triangular 
matrix with I's on the diagonal. Denote by mij{t) the entry of such a matrix, 

and by mij{n) its nth coefficient, where n < 0. Then under this identification mij{n) 
corresponds to the entry Mij^^l- 

In this realization we define the determinant of M, denoted det M, as the determinant 
of the corresponding I x I matrix of power series in u'^. We have 

det M = 1 + aiu~^ + a2U~^ + ... , 

where each ai{i > 0) is a polynomial in the generators mij{n) (or equivalently, Mg^k) 

of GLi. 

It is straightforward to find the coproduct of the elements Oj. If we introduce the 
generating function a{z) = 1 + X^j>o '^i-^*' then 

A{a{z)) = a{z) ^a{z). 

In other words, 

i 

(10.4) A{ai) = ^ ai-j, 

j=0 

where we set oq = 1. Therefore the Z[ai]i>o is a Hopf subalgebra of Z[GL; ]. The 
spectrum of this subalgebra is a commutative proalgebraic group, which we denote by 
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We define the group SLi as the subgroup of GLi determined by the equations 
fli = (i > 0), i.e. as the group of matrices of determinant 1. Thus, I'lSLi ] is the 
quotient of Z[GLi ] by the augmentation ideal of C 1^[GLi ]. 

10.8. The Hall algebra "Ki and the integral form of Ugli . We now consider the 
Lie algebras of the groups introduced in the previous section. 

Let qIi (resp. gt; ) be the Lie subalgebra of the Lie algebra (resp. of 

£|[;[ti~"^]) consisting of all elements oq + aiu^^ + . . . , such that oq is a strictly lower 
triangular / x I matrix. 

Any element of gl; defines an endomorphism of the vector space of Laurent power 
series C'((u~^)). Let Vi [i = 0, . . . ,1 — 1) he the standard basis of C', and consider 
the topological basis {vj}j^z of C''{{u~^)), where fj+M = ViU^ [i = 0, . . . ,1 — 1, k G 

Z). Written with respect to this basis, each element of gl; becomes a strictly lower 

triangular matrix. Thus we obtain an embedding of Lie algebras ji : g[; ^ sl^. 

For any yl E , the matrix exp(j/(^)) is a well-defined element of GLi . Moreover, 

gl; is the Lie algebra of the group GL; , and the exponential map exp : gl^ GLi is 
an isomorphism. 

The Lie algebra gl; is the direct sum of its Lie subalgebras: gl; = st; © 3, where 3 
consists of scalar matrices. Hence we obtain direct sum decompositions 

(10.5) gl^ = 5li © 3^ , gir = sir © dT ' 

where s(; (resp. 5[; ) is a Lie subalgebra of 5li[[n^-'^]] (resp. 5li[n^-'^]) defined in the 

same way as gl; (resp. gl; ), and 3z = 3 © n~"'"C[[ii~"^]], J; = 3 © u^^C[u^^]. 

Therefore we have the following decomposition of the universal enveloping algebras: 

(10.6) UQl^ = U5l^(g)U^. 

Here C/3^ = C[zi]i(zz^g, where G 3^ are scalar matrices is the universal en- 

veloping algebra of 3^;. In particular, f73^^ is the center of Ugli . 

We define integral forms of C/sl; and U^J' ■ The Lie algebra sli is generated by 
fi = Ei+i^i © 1 (i = 1, — 1) and /o = Ei^i © u~^. Let Uzsli be the Z-subalgebra of 
Usli generated by f^''^ (i = 0, . . . , /; j € Z>o). Let be the Z-subalgebra of U^f 



generated by Pn,n > 0, defined by formula (10.1). Then we set 



According to Proposition 10. 9| , the algebra U^Q^i becomes isomorphic !K; after lo- 



calization at I. More precisely, we have an isomorphism 
sending /f^^ to /f-'^ {i = 0,...,l - l;j G Z>o) and pn to pn (n € Z>o). 
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10.9. Decomposition of Z[GL; ]. We have the exponential maps gt; GLi (C), 

si; SLi (C) and — > Z^{C), which are all isomorphisms. In particular, complex 

matrices of the form exp(^) with A ^ sli are precisely the matrices of determinant 1. 
Now the decomposition ( |10.5| ) gives rise to a direct product decomposition of groups 

gl;{c) = sl;{c)-z^{c). 

Hence we obtain the following decomposition of Hopf algebras over C: 

(10.7) C[GL;~] = C[SLi] ^ C[Z^]. 

There is a similar decomposition over the ring Z^^) = Z[l//]. Indeed, any element 
f{u) of Z(;)[[ti~^]] such that /(O) = 1 has a unique /th root f{uY/^ of the same form. 
Therefore over Z(;) any matrix M in GLi may be written uniquely as the product 

M = Ml • M2 = (M(detM)-^/') • (detM)^/'l 

of two matrices, Mi G SLi and M2, which is a diagonal matrix. The entries of Mi 
and M2 are polynomials in the entries of M with coefficients in and vice versa. 
Therefore we obtain a tensor product decomposition 

(10.8) Z(o[GLr] = Z(/)[^r] ^ ^(oi^ri- 

Under the pairing 

(Jf/|Z(;))0Z(i)[GLn 
induced by the pairing of Proposition 10.11, the decomposition ( |10.8D is dual to the de- 



composition (|10.3|) . In particular, the orthogonal complement of (C/zsl; )+ in Z(;)[GL; ] 
is equal to Z(;)[Z^~], and the orthogonal complement of (?7z3^)+ in Z(;)[GL; ] is equal 
to Z(;-)[S'L; ]. The corresponding pairing 

(C/zs[r|Z(,))®Z(;)[5Lr] ^Z(;) 

may be described in the same way as in Lemma |6.2|. 



11. The inductive limit of Ke-pa^T^Q^N 

In this section we define the inductive limit Rep C/^'^^^gt^^ = lim Rep UI'^^qIj^ and 
a Hopf algebra structure on it. We identify this Hopf algebra with the Hopf algebra 
Z[GL; ] and its Hopf subalgebra Rep„* Ul^^Qi^ with Z[Z^~]. Furthermore, we will 
identify the quotient of Rep C/^'^'^'^gtoo by the augmentation ideal of Rep^* UI^^qI^ with 
Re-p^Uf'^Qi^ and with ^[31^]. Then we describe the action of the Hall algebra "Ki 
on Rep C/^'^'^ 5 [go in representation theoretic terms. Finally, we identify the subspace of 
Rep„ UI^^qI^ (resp., Rep^ Uf^Qi^) spanned by the evaluation representations taken at 
a fixed set of points of ae^^ with an integrable representation of IK/ (resp., sl^ ). 
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11.1. A Hopf algebra structure on Rep^ f/J'^'^glj^. The definition of the Hopf al- 
gebras Rep U^^gi^ and Rep^U^'^gi^ is completely parallel to that of Rep U^^^gl^, 



R-epa Ug^'^gl^; see Sections p.l| , p.3| and p. 4 

Let = Z[ti^n]i~^'"''l^, = Z[ti^n]'^~^^^'^ be commutative rings of polynomials. 
We introduce a Z>o-gradation on them by setting the degree of ti^n to be equal to i. 



Fix a G C^. By (8.4), for € Z>o, we have isomorphisms of rings 



Rep, UrQlN ^ A, K^ae'n] ^ hn- 
We call the ring ~ lim Rep, U^'^'^glj^ the Grothendieck ring of U^'^^gl^ (restricted 

to the lattice with base a). We also denote it by Rep, U^'^^gl^. 

The monomial basis of ~ Rep, U^'^'^gl^ corresponds to the basis of tensor prod- 
ucts of the fundamental representations. We call this basis standard. 

The specialization maps obviously stabilize, so we have a map 

§' : Rep, C/ggloo ^ Rep, C/f ^gtoo, Uj ^ iijmodi- 



By Lemma 8.8, the specialization map sends the PBW basis of Rep, Uqgl^ to the 
standard basis of Rep, U^^^glr^. 
Similarly, we set 

Rep U^qIn = Rep t/rgt^ ~ Z[ti],ez>o> 

where ti denotes the class of the ith fundamental representation of C/J*^^g[jv and the in- 
ductive limit of the maps defines an isomorphism of Hopf algebras S' : Rep Uqgloo 
Rep ?7rg[oo. 



Recall the definition of minimal dominant M-tuple from Section |8.2| . Similarly to 
Lemma |5.2| we obtain the following 



Lemma 11.1. Let Q be a minimal dominant M-tuple. Then the sequence of irre- 
ducible representations of U^^^glj^ corresponding to the dominant N -tuple Q^^-* (N > 
M) stabilizes and therefore defines an element of Repg^Ul'^^gl^. The set of all such 
elements (for all M G 1j>o) is a basis in Rep, Ul'^^ gl^. 

We call the basis described in Lemma [11. 1| canonical. Note that the transition matrix 
from the standard basis to the canonical basis is triangular with non-negative integer 
entries and I's on the diagonal. 

We also have another natural basis in Rep, Ul'^^gl^., given by specializations V{Qy 
of irreducible modules for generic q. The elements of this basis are also labeled by 
minimal dominant M-tuples, M G Z>o. By formula ( |8.3| ), the transition matrix from 
this basis to the canonical basis is triangular with I's on the diagonal. 

Let N = Nx + N2. Then we have the embedding C/f^gljVi ® f^f "fltTVa ^ ^f" S^at- 
Using this embedding we obtain the comultiplication structure on Rep, Ul'^^gl^ as in 



Section 5.4. It is given on the generators by 



j=0 
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where we set ij,„ = U^n+i- 

Then we have the following theorem, which identifies Hep^Up^Ql^ together with 

various structures on it with the Hopf algebra Z[GL; ] (the restricted dual of the Hopf 
algebra 'Ki) introduced in Section 10.5 . 



Theorem 11.2. (1) There exists an antipode S, such that (Repg^U^^'^Ql^,<S', A, S) is 
a Hopf algebra. Furthermore, Kep^U^^^Qlj^ is a Hopf subalgebra of Kep^U^^Ql^. 
(2) We have a commutative diagram of Hopf algebras 



Rep.UrQlc 



ZiGVi " ] — Rep.UrQlN 
where the horizontal maps are given by the formula Mi^jj i- 
(3) We have a commutative diagram of Hopf algebras 

Z[GL;] Rep.UrQloo 

Z[SL^] Rep„[/-«0[^ 

Furthermore, the standard basis ofKep^U^'^^Ql^ is identified with the basis dual to the 
basis of A-sets in 



11.2. Restriction operators. This section is analogous to Sections 5.2, S.3. Since 
RePa UI'^^qIoo is (restricted) dual to 'Ki, the algebra 'Ki acts on Rep^ U^'^^glf^. We will 
show that the action of the generators fd of is given by the restriction operators 
resd that we now define. 

The embedding of algebras UI^qIj^_i U^^'^qIi — > C/J^^gl^ gives us a linear map 

Rep, UrQlN ^ Rep, C/rgljv-i ® Rep, Urdh- 



The ring C/f'^gli = Z[X 



n\n=0,...,l—l 



{Xd = X^X^^ . . . xf!_-i}d,ez^o labeled by vectors d G 
U^^qIj^ may be decomposed as 

[V] = Y,[Vd](^Xd. 



, where we set = X„, has a monomial basis 

. Any representation V of 



^>o 



We then define the restriction operator res^^ by the formula (cf. formula ( |5.6D ): 



res 



■■ RePaf/rgi 



N 



Introduce the notation XL^ 



-in=l,...,/ 



H=l, 



phism a^T : L 



iven 



and consider the natural homomor- 



^N-i^^v Given P e L^, 



we write 
...A' 
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Define a linear operator res^^ : i^Ar — > ^n-i sending P to P^- Then we have an 
analogue of formula ( |5.8| ) : 

(11.1) x.(res^^m)=rirs:^^(Xe(V^)). 

We remark that to m = (mi > . . . > m^), < m-j < / — 1, of formula ( ^.^ ) corresponds 
d = (do, . . . , di-i), where di is the number of times i occurs in m. 

The maps res^ stabilize in the limit N ^ oo and give rise to the operators 

res'a : Rep t/f^gl^ ^ Rep C/f^st^ (d G Z^). 

Recall that fa G IK; is the element corresponding to the ^[^■'-set of degree d which 
has snakes only of length 0. By Lemma |10.3| , "Ki is generated by these elements. Using 
Lemma |6.4] and Theorem 11. 2| we obtain that the operator res^ is dual to the operator 
of right multiplication by fd- Hence we obtain the following analogue of Theorem 6.5: 

Theorem 11.3. There exists an action of Hall algebra "Ki on Rep„ UI'^^qI^, such that 
fd G "^i CLcts as res^ (d G Z'j. In particular, there exists an action of Uzsl^ on 

^ (i) — 

Repg^UJ^^Ql^ such that f- G C/^sl; acts as res^ ^, where the index i appears j times 

(i = 0, . . . ,1 — 1). Under this action, Rep^ UJ'^^qI^ is isomorphic to the restricted dual 
of a free 'Ki-module of rank one. 



11.3. The Hopf algebras Rep^* U^S^gl^ and Rep^Uf^Ql^. By Lemma |9^ , the 
Frobenius maps Fr* : Rep C/JI^'gl^ — > Rep U^^qIj^^ stabilize in the limit N ^ oo 
and therefore give rise to an embedding 

(11.2) Fr* : Rep,. C/,T0[^ ^ Rep, [7^01, 



'oo- 



Lemmas 9.4 and 9.6 imply: 

Lemma 11.4. The map ( 11. 2| ) is a homomorphism of Hopf algebras. 

Given a subalgebra B of an algebra A, we denote by {B)-^- the ideal of A generated 
by the augmentation ideal of B. 

Lemma 11.4] implies that the inductive limit of the rings Rep C/^°0l^, Rep f7^'^'^0[jY 
with the factorized tensor product structure is well-defined. We set 

Rep [/^0loo := hm Rep C/f°0[jv = Rep U^Qloo/iRep C/,T0[oo)+, 
Rep U^^Ql^ := hm Rep Uf^gl^ = Rep [/^©[^/(Rep C/,T0l^)+, 

RePaUS^^ := hm Rep, [7^01^ = Rep, i7r0[^/(Rep,,i7jf0[oo)+- 

Moreover, the rings RepC/f°0[jV) Rep ^^^"^0100 and Rep, Uf^gloo become Hopf algebras. 

Note that the algebra structures on Rep U^'^glj-^, Rep Uf^glj^ coming from the or- 
dinary tensor product are not stable in the limit — > oo. That is why we use the 
factorized tensor product structure. 

By Theorem 11.2, we have an isomorphism of Hopf algebras Rep, U^^^qI^ ~ Z[GL^ ]. 
The Hopf algebra Rep, U^'^^gl^ has the Hopf subalgebra Rep,* U^S^gl^ = Z[V^;.]j>o, 
where V^. = Fr*(V^. (a*)), and the Hopf algebra Z[GLi ] has the Hopf subalgebra 
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Z[2.;] = Z[aj]j>o. We now show that these two subalgebras are identified under this 
isomorphism. 

Theorem 11.5. Under the isomorphism Jiep^U^'^^Ql^ ~ ] we have an iso- 

morphism of the Hopf subalgebras Rep^* U^^^qI^ and 1j[Zi] sending the generators 
V^. ,i > 0, to the generators (— l)'+*aj,i > 0. 



Proof. Recah from Section 10.9 that Z[Z/] is equal to the orthogonal complement of 

the augmentation ideal of Uzsli C !K; in Z[GL; ]. This implies that C[Zi] is equal to 

the subspace of s[; -invariants of C[GL; ], or equivalently, the intersection of kernels of 
the operators fi, {i = 1, . . . ,1). Let us show that each V^. is also annihilated by the 
fi's. 



By Theore m |11.3| , the operator fi acts as the restriction operator resi. Lemma 9.f: 
and formula ( |11.1| ) immediately imply that 

reSi(Fr*(F)) = 

for any C/Jf^gt^ module V. Therefore we find that Rep^. U^S^gi^i^C is contained inside 
C[Z;]. Comparing the graded characters of the two spaces, we find that 

Rep,.C/,T0l^®C = C[Zi]. 

Both algebras are Z>o-graded Hopf algebras, freely generated by the generators 
V^. , i > 0, and ai,i > 0, respectively whose deg rees are given by the formulas deg '^uji — 
degCj = i. Therefore V^^- is equal to a non-zero multiple of plus a polynomial in 
aj,j < i, of degree i. The comultiplication for the a^'s is given by formula ( 10.41 ), and 



we find the comultiplication formula for the V^^-'s from formula ( |5.16| ) specialized to 
the case when = 1 and the fact that the the map Pr* is a homomorphism of Hopf 
algebras. The result is 

I 

j=0 

(where we set V^^ = 1), which coincides with the formula for A(aj). This readily 

implies that V^^ . is equal to a non-zero multiple of Oj . 

It remains to show that this multiple is equal to (—1)'^*. In order to do that we find 

the coefficient of one of the monomials in both V^. and in a,. We take this monomial 
l-i 

to be JJijj'- It enters with coefficient 1 in the decomposition of V^j- into a linear 

j=0 

combination of the products of the fundamental representations V^j.(ae^''") = t^.m; 
because the tensor product <S>\=o K)i(oe^-' ) has the same highest weight as V^^-. 

On the other hand, recall that tk^m corresponds to Mk^^^rn- In the loop group 



realization of GLi introduced in Section 10. 7| each element of GLi is represented as 



an I X I matrix with entries being formal power series in u ^. In terms of the tfc,m's, 
the (i, j)th entry of this matrix is equal to 

(11.3) ^Us+i 
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where s > 0, if i > j and s > 0, if i < j. 

The generator aj is the ^"^-coefficient of the determinant of this matrix. Therefore 

i-i 

it contains the monomial (—1)*'^' This completes the proof. □ 

j=0 

Note that in the course of the proof we obtained an explicit formula expressing the 
Frobenius pullback V^;; = Fr*{Vuj^{a*)) as a linear combination of the products of the 
fundamental representations. For example, if / = 2, then 

i 

Fr*(K;^(a*)) = UfiU^i + '^{-ly {ti+jfiti^j^i + ti+j^iti^jfi). 

i=i 

Now recall that have by definition (see Section [11. 3| and Section |10.7| ) 
Rep, US^N = Rep, UrdUi^^Pa* U!S'qU+, 
Z[SL;]=Z[GL;]/{Z[Zi])+. 



Therefore Theorem 11.5 implies 

Theorem 11.6. The Hopf algebras Rep, U^'^glj^ and 7^[SLi ] are isomorphic. 

Thus, we obtain the following commutative diagram of Hopf algebras and homomor- 
phisms between them: 



Z[GLi 



Z[SLi 



Rep,* t/J-gl, 



Rep,t/r0lc 



Rep,C/^0l. 



11.4. Integrable representations of si;. We recall some facts about the Lie algebra 
sli (see for details). It has generators ei,hi,fi {i = 0,...,/ — 1) satisfying the 



standard relations. In particular, the Lie algebra sl^ introduced in Section 10.8 is 
identified with the Lie subalgebra of generated by /j (z = 0, — 1). The weight 
lattice of si; is spanned by the fundamental weights cuj (z = 0, . . . , / — 1). It contains 
the root lattice spanned by Oj = 2wi — Wi-i — Wi^i (i = 0, — 1), where we set 
= wi-i, wi = tuq. For weights A, we write A>/iifA = /x + rijOj, where all 
Hi e Z>o. 

Introduce the category of sl^-modules. Its objects are st^-modules L on which the 
operators hi (i = 0, . . . ,1 — 1) act diagonally, and the weights occurring in L are less 
than or equal to some fixed weight A. The morphisms in are 5(i-homomorphisms. 
A representation L of si; is called integrable if it belongs to and all generators 
and fi act on L locally nilpotently. It is called a highest weight representation if it is 
generated by a vector v, such that Ci-v = {i = 0, . . . ,1 — 1). The category of integrable 
representations of s(/ is semi-simple. Irreducible integrable representations of st^ are the 
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irreducible highest weight representations with the highest weights u = fjZUj, where 
Vi G Z>o (i = 0, . . . , Z — 1). Such weights are called dominant integral weights. 

The irreducible representation corresponding to a dominant integral weight u = 
ViWi is generated by a vector f jy, such that 

CjUj^ = 0, hiV^ = UiV^, fi'^^'^u = (i = 0, . . . , Z - 1). 
It is denoted by Li{u). The number k = is called the level of Li{u). Since si^ is 

a Lie subalgebra of 5l/, its universal enveloping algebra Usli acts on any s[;-module. 
In particular, we have a canonical surjective homomorphism of C/sl; -modules 

(11.4) Pu-Usii ^Li{u), g^g-v„. 

Fix n G {0, . . . ,Z — 1}. Recall from Section 6.4 that /\ is the vector space with the 
basis of vectors |A) labeled by all partitions A. Corresponding to n, we have operators 
Cm, fm and hm (m € Z) on /\ introduced in Section OA. The next lemma follows from 



Lemma p.q and from complete reducibility of integrable s [/-modules. 

Lemma 11.7. The operators Cj = Emez^^z+i, fi = Y.m&fmi+i, hi = J2m&^^W 
(i = 0, . . . ,1 — 1) define a representation of sli on /\ denoted by /\i{wn)- Moreover, 

the irreducible module Li{wn) is the direct summand of /\i(vJn) equal to its cyclic sli 
submodule generated by the vector |0). 

11.5. Evaluation modules and integrable modules. Recall the evaluation homo- 
morphism, eVa '■ Ul'^^Qij^ UI^^qIj^. The next lemma follows directly from definitions. 

Lemma 11.8. The following diagram is commutative: 



Rep C/gfltoo 

Si 

Rep f/rgloo 



Si 

Rep.C/rfltoo 



In particular, the e-characters of evaluation modules are obtained by specialization 
bed by Lemma 4.7. 
I - 1}. Then induces an embedding 



of g-characters described by Lemma 4.7 
Fix n G {0, . 



(11.5) 



zun) ■■ Rep U^Ql 



N 



TV) 



where denotes the specialization of the irreducible representation Vx of UgQlj^ of 
highest weight A. The embeddings ( 11. 5| ) stabilize and hence induce an embedding 

(11.6) iiiwn) : Rep Urgloo ^ Rep, UrQloc- 

Recall from Theorem |11.2| and Proposition 10.11 that we have a pairing of Hopf 
algebras 

{,) -.Jii^Rep^UrQioc^^- 

In particular, Rep, U^^^qI^ is an ^K;-module. The following lemma is obtained in the 
same way as Lemma 6.7. 
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Lemma 11.9. The 'L-suhmodule t^(ti7„)(Rep Ul^^Qioo) C Rep^ f/J'^'^gtj^ is a right co- 
module of Rep^U^^^gl^ and an 'Kisuhmodule of ^e^y^Ul'^^Qi^. 

We also have a pairing 

(11.7) (,)„ : l\l{TIJn) ® {il{Wn){ReV Ur Qloo) C) ^ C, 

such that the bases {|A)} and {[VT^(ae^")]} are dual. 

The algebra !Koo acts on /\^(tu„), and this action extends to its completion !Koo- 
Therefore, "Ki acts on /\i(vJn) via the unwinding map w : "Ki ^ 3^oo- Moreover, the 

restriction of this action to Uzslj^ , coincides with the action of Uzsii C Usli described 
in Section 11.4. 

Combining Proposition 6.5 and Lemma |11.8| we obtain the following 

Proposition 11.10. The "Ki-module /,i(CT„)(Rep C/J'^^flloo) ^ C zs restricted dual to 
fXli'cOn) with respect to the pairing ( 11. 7| ) . Furthermore, the embedding 

ii{wn) : Rep Ur Qloo C ^ Rep„ Ur^l^ ® C 
is dual to the surjective !Ki (8) C-homomorphism 

Pmr, -."Ki^C^ /\l{'^n) 

sending 1 to v.^^ . 



Proposition |1 1 . 10| implies that as a Rep^ [/gglgo^comodule, ii(zi7„)(Rep U^'^'^gloo) is an 
integral form of the !K; (8) C-module which is the restricted dual to f\i{wn)- Moreover, 
this integral form is preserved by !K;. 

By Theorem 11.6 , the pairing (, ) gives rise to the pairing 

(11.8) (, ) : U^Bi; Rep, C/f^gt^ ^ Z. 

Moreover, since the Frobenius and evaluation maps commute, the map ii{'UJn) gives rise 
to the map 

: RepC/^gloo ^ Rep, [/f°0[„,. 

Alternatively, this maps s ends [V {] with Aj - Aj+i < / (i G Z>o) to [^^(ae^")]. 
Combining Proposition 11.10| and Theorem |11.6| , we obtain the following 

Proposition 11.11. The Usli -module Li{m)(Re]3 ^/J^'^glooj'XiC is restricted dual to the 
irreducible integrable module Li{wn) with respect to the pairing ( 11. 8| ). Furthermore, 
the embedding 

iliuj) : Rep C/f'^gloo ® C Rep, Uf'^Ql^ C 
is dual to the surjective Usli -homomorphism 

Now we describe the integrable modules of higher levels. Given a dominant integral 
weight v = set Ai(^) = ®i{f\i{'^i)^^^)- This is an integrable sl^-module of 

level k = X^ji^i. Denote the tensor product of the highest weight vectors of by 

|o>.. 
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Similar to Lemma 6.9, we obtain the following 

Lemma 11.12. The irreducible module Li{v) is a direct summand in /\^{u), which is 
equal to the cyclic Usli -submodule of f\i{v) generated by \0)w 

Denote by pi, the homomorphism Usl^ — > obtained by composing given by 

formula ( 11.4 ) and embedding Li{i') —i- 

Write u in the form Yl^=i '^Sj ■ Using Proposition 11.10| , we identify the restricted 
dual with (Rep U^^^ qIoo)'^'' as JC^-modules. Denote by {,)^ the pairing ^ 

(Rep Ur'Qloo)"^^ ^ C. 

The map 



(11.9) 



Lliu) : (Rep UrQioo) 



RepaC/f'gtoo, 



is a homomorphism of Jf^-modules. 

We have a diagram of IK; (8) C-modules and 'Ki <E) C-homomorphisms 



(Rep C/rgloo)' 



Rep, UrQloo ^ C 



Similar to Proposition |6.10| , we obtain the following 

Proposition 11.13. The above diagram is commutative. The image of the map 
is an'Ki®C-submodule o/Rep„ C/^'^'^gloc <8>C isomorphic to the restricted dual of 

Finally, we factorize the diagram above to obtain a diagram of f/sl; -modules and 
Usli -homomorphisms 



(Rep ?7rg[oo)®'= 



AM 



Rep.C/fV^^C 



Similar to Proposition 6.10| , we obtain the following 

Proposition 11.14. The above diagram is commutative. The image of the map 
is a Usli -submodule ofHep^Ul'^^Qi^ <S)C isomorphic to the restricted dual of Li{u). 

Propositions 11.13| and 11.14 imply that the image of (Rep ?7g0[oo)'^" under i{y) 
(resp., is an integral form of the restricted dual to the "Ki ® C-module (resp., 

Usli -module) Az(^) (resp., Li{u)), which is preserved by 'Ki (resp., Uzsii ). 
We denote the image of the map by Rep^ U^^^qIoo- 
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11.6. Combinatorial identity. A dominant i/-admissible (see Section |6.6[ ) A^-tuple 
of polynomials Q is called l-acyclic if Qi(u)/(5j+i(w^) (i = 1, . . . , N) is an /-acyclic 
polynomial (we set Qi^^i{u) = 1). 

Conjecture 2. The classes of irreducible representations V{Q) which have l~acyclic 
u -admissible Drinfeld polynomials Q, form a basis in Rep^ f/J^'^gloo- 
Clearly, Conjecture holds for k = 1. 



We end this section by describing a combinatorial corollary of Proposition 11.14 and 
Conjecture ^. 

Fix s = (si > • • • > Sfc = 0), such that Si G Z. Let A be an s-diagram (see Section 
|6.6| ). We replace each box in A by another box by the rule: a box with coordinates (i, j) 
is replaced by the box with coordinates (i,j mod /). The result is a union of boxes 
(with multiplicities) in a vertical strip of width /, which we call an I -folded s-diagram. 

Here is an example of folding for 1 = 2. 



1 


2 


1 


1 


1 


1 


1 






1 







2 


3 


2 


1 




1 



Here the number inside each box shows its multiplicity. 

An acyclic l-folded s-diagram is an /-folded s-diagram A with the property: for any 
i ^ "L, such that the ith. row of A is non-empty, there exists j G {1, . . . , /} such that 
multiplicities of boxes with coordinates {i,j) and (i + 1, j) are the same. 

In our example the 2-folded diagram above is acyclic: for the first and the third rows 
j = 1 and for the second row j = 2. 

Let Nn\s) be the number of distinct acyclic /-folded s-diagrams with n boxes and 

let the series Xs\0 = ■^i'^(^)?* corresponding generating function. 

By Proposition 11.14] , we obtain the following 



Lemma 11.15. If Conjecture is true then the function Xs\0 coincides with the 



character of the irreducible integrable si/ module of weight Ylii=i in the principal 
gradation. 

This character may be found, e.g., in formula (10.10.1). It would be interesting 
to find a combinatorial proof of this fact. 

12. Summary 

The general picture described in this paper is summarized in Figure 0. 



We recall that Kepg^UqQl^ and Rep/J^gloo are defined in Section ^; Kepg^U^'^^Ql^ 
and U^^'^qIoo in Section |11.1| (see also Section |8l2D ; Rep^ L^f'^gtoo and U^^gloo in Sec- 
tion 11.3 (see also Section |8.5D ; the rings of functions ZlSL^], Z[GLi ] and Z[wSLl] 



in Section p?\\ , Section 10.6 and Section 10.7 , respectively; the Fock spaces A(^o) and 



/\l{wo) in Sections 3J and 11.4 ; the module L;(roo) in Section 11.4 , Here we consider 
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Figure 2. 



the integral forms of their duals. The integral forms of /\{wq)* and /\^{tuq)* are gener- 
ated over Z by the basis dual to {|A)} and the integral form of Li{wo)* is the Z-span 

of the projections of the elements of this dual basis in TL\SLi \. 



The evaluation maps eva are defined in Sections 2J and 7^, the specialization maps 
S; in Section 11.1] (see also ^.41) 



the winding map w* in Section lO.E . 
Theorem 12.1. All squares of the diagram in Figure |^ are commutative. 



Proof. The upper floor is commutative by Lemma |6.q and Proposition p.q . The mid- 
dle floor is commutative by Proposition 11.10. The bottom floor is commutative by 



Proposition 11.11 



The upper left face is commutative because the evaluation homomorphism for U^^^gl]\f 
is by definition induced by the evaluation homomorphism for Ug^^glj^j. The bottom left 
face is commutative because the homomorphism ev* for Kep^U^^^Qlj.^ is by definition 
induced by the homomorphism eu* for Rep^ U^^^glpf. 
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The back upper face is commutative by definitions of all participating maps. The 

back lower face is commutative because all participating maps are maps of U^sli mod- 
ules, and uniqueness of such maps. 

The front upper face is commutative by Theorem 11.2 , part (2). The front bottom 
face is commutative by Theorem 11.5| . 

The upper right face is commutative by definitions of all participating maps. The 
lower right face is commutative by Lemma |ll.7| . □ 

The diagram in Figure Q corresponds to the vacuum module of level 1. The same 
commutative diagrams with obvious changes hold for all irreducible integrable sli- 
modules (see Propositions 6.1C , 11.14 ). 
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